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Inferring wind velocity from aircraft motion is an enabling technology that can be used for
synthetic air data systems, path planning, safety monitoring, and atmospheric science. This
paper presents a reduced-order nonlinear wind observer applicable to uncertain aircraft models
in turbulent wind. The aircraft dynamics are formulated as a stochastic differential equation
that is invariant under the action of a Lie group. The proposed observer leverages this symmetry
to achieve linear error dynamics that are shown to be noise-to-state stable in probability. A
Monte-Carlo simulation of a nonlinear multirotor aircraft model is conducted to demonstrate
the probabilistic guarantees and evaluate their conservatism.

I. Introduction

nferring wind velocity from aircraft motion is an enabling technology across a wide range of applications. In
Iaeronautics, wind estimates can be used in synthetic air data systems [1, 2] and path planning algorithms [3} 4].
Furthermore, with the accuracy of wind estimates quantified [S] and/or their convergence guaranteed [6], wind estimation
algorithms can be incorporated into safety monitoring systems, such as [7]] and [8]], to replace traditional measurement
techniques. Closely tied to aviation, wind estimates are also vital to weather prediction and atmospheric science [9H12].
These areas of application have become intertwined, especially within the poorly sampled atmospheric boundary layer,
with advances in the Urban/Advanced Air Mobility (UAM/AAM) mission [13| [14]. For example, the development
of wind estimation technologies is important in relaxing margins for flight safety to enable more weather-tolerant
operations [[15] [16]].

The development of model-based wind estimation algorithms has brought finer temporal resolution and greater
accuracy to wind velocity estimates [6} [17H19]. These indirect approaches feature a low instrumentation barrier as they
do not require specialized sensors, such as an anemometer, to measure wind velocity. Instead, a model of the aircraft
dynamics is used in conjunction with standard navigational sensors (e.g., accelerometer, gyroscope, magnetometer, and
GNSS) to continuously estimate wind velocity at the aircraft’s location.

The accuracy and stability of wind estimation methods are often limited by the assumptions underlying their
approximations. We identify two key challenges to address. First, is the small-perturbation assumption that allows
a linear flight dynamic model to be used with linear state estimators (e.g., the Kalman filter) and observers (e.g., the
H filter). (The distinction between estimators and observers is made clear in the [Appendix]) Even approximate
nonlinear filter techniques such as the extended Kalman filter only retain their formal guarantees for small perturbations
about steady motion with sufficiently low noise [20, 21]]. For model-based wind estimation, nonlinear approaches that
relax the small perturbation assumption are limited, but there have been some promising developments such as the
nonlinear, passivity-based observer detailed in [[6]. Another approach — the invariant extended Kalman filter — aims to
expand the set of trajectories for which local stability is verified [22l 23]]. These so-called permanent trajectories are a
generalization of steady motions for which stability is guaranteed.

The second challenge in guaranteeing stability of wind estimation algorithms is how random disturbances are treated.
Atmospheric turbulence is a random process (see [24, Ch. 13] and [25]]) that casts the aircraft equations of motion in
a stochastic setting. It is thus important to accurately model its effect on the aircraft dynamics when designing an
observer or estimator. Kalman filter-based wind estimators inherently possess local stochastic stability guarantees [20];
however, the explicit stochastic stability guarantees of wind estimation algorithms are generally unexplored — especially
for nonlinear observers.

To address these challenges and the shortcomings of previous approaches, we present a nonlinear state observer for
aircraft flying in turbulent wind that enjoys stochastic stability guarantees. That is, we are able to make probabilistic
statements about the convergence of state/wind estimates for the nonlinear dynamics — a powerful result that can
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be used in all of the aforementioned applications. This observer is not of the typical Luenberger type, but rather is
formulated using an immersion and invariance approach [26} 27]]. The resulting reduced-order observer is symmetry-
preserving [28} 29], and the state estimate error dynamics are linear so that optimal estimation methods may be readily
employed. Finally, since the aircraft is subject to random turbulence and modeling error, results from the theory of
noise-to-state stability [30] for stochastic differential equations are used to obtain probabilistic guarantees that the first
two statistical moments of the state estimate error exponentially converge to a neighborhood of the origin.

This paper is organized as follows. Section|[[]introduces the uncertain aircraft dynamics in turbulence and casts
them as a stochastic differential equation (SDE). In Section[III} a notion of SDE invariance under Lie group actions is
introduced — a property the aircraft dynamics are shown to possess. The proposed symmetry-preserving reduced-order
observer is presented in Section|[V] Finally, the observer is demonstrated on simulated flight data for a multirotor aircraft
in Section[V] followed by concluding remarks in Section [V

I1. Stochastic Aircraft Dynamics in Turbulent Wind

A. Rigid-Body Kinematics on TSE(3)

Consider an aircraft, modeled as a rigid body of mass m. Let the orthonormal vectors {21, 2,43} define an
earth-fixed North-East-Down (NED) reference frame, F1, which we take to be inertial over the time and space scales
of vehicle motion. Let the orthonormal vectors {by, b2, b3} define the body-fixed frame, Fp, centered at the aircraft
center of gravity (CG) with b; out the front of the aircraft, by out the right-hand side, and b3 out the bottom completing
the right-handed frame. The position of the body frame with respect to the inertial frame is given by the vector
q = [z y 2]" € R3. The attitude of the aircraft is described by the rotation matrix Rig € SO(3) that maps free
vectors from Fp to Fi. The aircraft’s configuration is described by points (g, Rig) in the special Euclidean group,
SE(3) = R3 x SO(3), where x is the semi-direct product which expresses how two elements of the group compose a
new element [31}, §9.6]. Letv = [u v w]" and w = [p ¢ r]T be the translational and rotational velocity of the aircraft
with respect to Fr expressed in Fp, respectively. The kinematic equations of motion are

q = Ripv (1a)
Rz = RipS(w) (1b)

where S(-) is the skew-symmetric cross product equivalent matrix satisfying S(a)b = a x b for 3-vectors a and b.
Similarly, S~1(-) gives the vector whose cross product equivalent matrix is (+); that is, S~!(S(a)) = a. Geometrically,
these kinematics are defined on the tangent bundle TSE(3) = U ,csg(3) TpSE(3), where T,SE(3) denotes the tangent
space to SE(3) at the point p.

B. Stochastic Aircraft Dynamics in Turbulent Wind
Since the aim is to estimate wind velocity, we now consider aircraft motion in a time-varying wind field,
W : R? x R — R3, defined in the inertial frame. We will append the apparent wind

w(t) = Wi(q(t),1) @

to the aircraft state, where w is the part of the aircraft’s extended state defined by evaluating the wind field W at the
aircraft’s position g at time ¢. Using the chain rule and assuming the vehicle does not affect the flow field in which it is
immersed, the time derivative of w is

dw _ oW
dt ot

dq
While no general expression for the right-hand side of Eq. (3] is obtainable, noise shaping filters such as Dryden or
Von Karman turbulence models are often used to empirically model w so that the spectral content of w resembles the
wind experienced by an aircraft. For simplicity of presentation, however, we lump the right-hand side of Eq. (3) into a
Brownian motion model for the purpose of observer design.

Assumption 1. The apparent wind velocity is Brownian motion. Specifically, w = oW, where W, is unit variance,
continuous-time, white noise and o,a is the power spectral density of 1.



The aerodynamics of the aircraft depend on the body’s air-relative velocity,
v, =v — Rgw 4

rather than the inertial v. Equation (@) is known as the wind triangle. Note that Eq. (3) represents the wind that would
exist at the aircraft center of mass, if the aircraft were absent. Variations in wind velocity over the length and span of the
aircraft are not captured by the pointwise expression (@), but they can be accounted for, to first order, by computing the
wind gradient at g and ¢ and assuming this gradient remains constant over the aircraft. For the purpose of wind observer
design, however, we consider the following assumption about the rotational motion of the wind about the aircraft.

Assumption 2. Wind gradients on the scale of the aircraft are considered to be an additive random disturbance. In
particular, the air-relative angular velocity, wy, can be taken to be equal to the body angular velocity, w, in the aircraft
dynamics by modeling the apparent body-frame wind angular velocity w,, = w — w; as a random process.

Critically, the combination of Assumptions I]and [2]allows us to neglect the effects of wind gradients in the observer
design while not completely ignoring them in the observer stability/convergence guarantees.

Let us denote the aerodynamic force and moment acting on the aircraft expressed in F5 as F' and M, respectively.
Considering the force model for illustrative purposes, we in general have

F = §(v,,w, §;9) + parametric error + unmodeled dynamics + local gradient effects 5)

where § is an aerodynamic model that smoothly depends on its arguments, & is the vector of known aircraft control
inputs, and ¥ is the vector of (imperfectly) identified model parameters. As seen in Eq. (3), the true force differs from
the modeled force by parametric error, unmodeled dynamics, and local wind gradients (Assumption [2). For a well
hypothesized and identified model, the parametric error is typically minimized and the unmodeled dynamics tend to
resemble white, Gaussian noise [32]]. Therefore, we can model the combination of these sources of uncertainty as a
random process with known statistics. By the smoothness of §, we can write

%'(vra w, 6) = FO(UI‘7 w, 5) + Fv(vru W, 5)’0r + Fw(vhwa 6)(.0 (6)
These observations suggest the following assumption.

Assumption 3. The aircraft’s aerodynamic force and moment satisfy

F =Fy+ F,v, + F,w+ AF @)
M = My + Myv, + M, ,w+ AM ®

where F(.y and M.y are known parameters that vary with the aircraft state and control, and AF and AM are
zero-mean, Gaussian, white noise with known power spectral density.

The condition in Assumption@can be obtained by setting the arguments of F.) and M.y in Eq. (6) to their best-known
values at the current time and lumping everything else into the assumed zero-mean, Gaussian, white modeling error
terms AF and AM.

Taking I to be the moment of inertia matrix of the rigid body about the center of mass in Fp and letting g be the
gravitational acceleration vector, one obtains the following extended state dynamic model for flight in random wind.

q = Ripv, +w (9a)
Rip = RipS(w) (9b)
w=I"Iwxw+ M+ M,v, + M,w+AM) (9c)
O = v X W+ Rlgg + %(F0 + Fyv, + Fow + AF) — Rfgw (9d)
w = O'wWw (%e)

Assumption 4. The aircraft’s position (q), attitude (R ), and angular velocity (w) are measured without error.



Thus, we take y = (q, R, w) € Y = SE(3) x R? to be the measured part of the state and « = (v,,w) € X = R"
to be the unmeasured part. Here, the dimension of ) is m = 9 (SE(3) is a 6-dimensional smooth manifold), and the
dimension of X is n = 6. The total state space of the system is the (n + m = 15)-dimensional manifold X x ). We
use the notation (a, b) as shorthand for [a” b"]T when a and b are column vectors and more generally to denote points
in the appropriate product space in which a and b belong.

The dynamics (9) are more formally viewed as a stochastic differential equation (SDE) defined on a complete
probability space (2, F,P). Here, we may identify 2 with the space of RZ-valued continuous functions YW(t) on [0, 00).
For fixed w € Q, W(t,w) is called a sample path of the random process WW(t). The sigma algebra F collects all
measurable subsets of € to form the measurable space (€2, F) on which we assign a probability measure P : 7 — [0, 1]
such that W is a standard Wiener process [33 The increments of the driving Wiener process W = (W,,, W, Wr)
of the stochastic aircraft dynamics (9) satisfy

1
dw = 0,dW,, IﬁlAMdﬁZU]de]w, EAth: ordWpg (10)

Using Eq. (I0), we may more formally write Egs. (Oc)—(O¢) as the SDE

dw =I""(Iw x w + My + M,v, + M,w)dt + oy dWy (11a)
1

dv, = (vr X w+ Ripg + —(Fy + Fyor + Fww)>dt +0pdWr — Rigo,dW,, (11b)

dw = o,dW,, (11c)

The kinematics on SE(3) are not included in the SDE (TT)) since they are not Euclidean. However, such a technical
distinctionﬂ does not matter since we are not concerned about statistics of (g, Ryg) and can always choose local
coordinates for SE(3) so that (through a minor abuse of notation) the stochastic aircraft dynamics (9) are written as

de = f(x,y,w)dt + G, (y)odW (12a)
dy = h(z,y,u)dt + G,odW (12b)

where (f, h) is the drift vector field and (G, G) is the diffusion matrix field, both constructed from the right-hand side
of Eq. (9) using Eq. (T0). The matrix o = diag(o,, o, 0r) € R9%? is defined such that oo T is the infinitesimal
covariance of the Brownian motion oW. In Eq. (I12), w is the known “input” to the system. It is not necessarily just
control inputs, but rather a collection of known quantities on which a particular transformation group acts (as will be
detailed in Section [[II). In our case, it is simply u = g. The formulation of the aircraft dynamics (9) as the SDE
will allow us to eventually make probabilistic statements on the convergence of the estimate of x to its true value.

II1. Invariance of the Stochastic Aircraft Dynamics
In order to design a symmetry-preserving observer for the aircraft in wind, we must determine what transformations
of the aircraft state, input, and noise leave the dynamics (9) unchanged — that is, invariant. Previously, this concept has
only been applied to observer design for ordinary differential equations.

A. Mathematical Preliminaries
Consider the following preliminaries on invariant theory for ODEs (Section[lII.A.1T)) and It6 calculus (Section([II.A.2)).

1. G-Invariance of Ordinary Differential Equations [36} 37]
A Lie group G is said to act on a manifold X" via the mapping

p:GxX =X, (g,x) = pg(x) (13)

if (i) the identity element e in G induces the identity transformation ¢, (x) = « for all & € X, and (ii) the composition
of group actions satisfies ¢4 o @, = @g.n, Where “o” denotes the composition of mappings and “x” is group

*The interested reader is directed to [34]] for a concise introduction to SDEs.
fStochastic dynamics on non-Euclidean manifolds are defined by sections of It6 bundles [35] — not the more conventional tangent bundle.



multiplication [36, 37]. Note the inverse transformation gog_l is given by the action of the inverse group element —i.e.,
cpg_l = ,-1. With these properties, the collection {4} ¢eq is called a transformation group.
As explained in [29,[37], a dynamical control system

z = f(x,u) (14)
is called G-invariant with respect to the transformation group {¢g, ¥4 }4cq if
Flpg(@),1hg(u)) = Topy(x) - f (2, u) (15)

where Ty (x) : ToX — Ty, ()X denotes the tangent map of ¢, at x and “-” denotes its application to a tangent
vector. Note if X = R", then T4 () is simply the Jacobian matrix, O, (x)/0x.

2. Stochastic Differential Equations and It0’s Rule [33134)]
On a complete probability space (€2, F,P), consider the SDE

de = f(t,z)dt + G(t, z)odW (16)

written in the sense of Itd. That is, Eq. (T6) is shorthand for
t t
x(t) = x(0) —|—/ f(s,w(s))ds—i—/ G(s,z(s))odW(s) (17)
0 0

where fot (s, x(s))ds is the standard Lebesgue integral and fot G(s,x(s))odW(s) is the It6 integral with respect to
the standard Wiener process WW. Functions of the random process do not follow the typical chain rule, but instead
obey It6’s rule/lemma.

Lemma 1 (It6’s Lemma). Given a random process x satisfying Eq. and a function V (t, ) that is once differentiable
in t and twice differentiable in x, the random process v = V (t, x) satisfies
ov. oV 1 o2V ov
dv={—+ — —Tr oG =G dt + —God 18
v <8t+8xf+2 r{a‘ 52 0'}) +8$0'W (18)
Even though we cannot just “divide by d¢” in Eq. (8] to get & (W is differentiable nowhere), we still need a notion
of the rate-of-change of v. This motivates the definition of a linear operator called the infinitesimal generator £ of the
random process x(t). For SDEs [38]], the infinitesimal generator satisfies

ov 1 0%V
=—f+-Tr|o'G"=— 1
2% 8wf+ 5 {a G 922 Ga’} (19)
If .Z is applied to a vector-valued function, it is computed element-wise. Using .Z, 1t6’s rule (I8)) may be equivalently
written as oV oV
dv=|—+2V |dt + —GodW (20)
ot ox

Since increments AW of the Wiener process are zero-mean, the expected rate of change of v is 9V /0t + £V — a fact
we will use in the Lyapunov stability analysis presented in Section[[V.C|

B. G-Invariance of Stochastic Differential Equations
Similar to [39], we propose the following definition of G-invariance for controlled SDEs.

Definition 1 (G-invariant SDE). Suppose the Lie group G acts on the SDE
dz = f(x,u)dt + G(z,u)ocdW 21
via the transformation group
(g, 2, u, W) € G x X xUXRI— (pg(x),¥q(u), wy(W)) € X xU x RY
The SDE 21) is called G-invariant if
dpg(®) = fpg(x), Pg(u))dt + G(py(x), Py (u))dw, (W) (22)

where dy4 and dwo g are understood in the sense of Ité.



Comparing with Deﬁnition the condition for G-invariance of deterministic systems may be written as depy () /dt =
flpg(x),pg(u)) [29], which differs from Definition 1| in the same way that @ = f(x,u) differs from dx =
flz,u)dt + G(xz,u)odW.

Here, we aim to find a transformation group {¢,, 04, %4, @4 }scc for the SDE (I2), where ¢, acts on the
unmeasured part of state, o4 acts on the measured part, 1), acts on the input, and wo, acts on the Wiener process.
Recall Lie groups are mathematical groups that are also smooth manifolds; that is, they are sets of elements that act
on each other through group multiplication, but also topological spaces that correspond (locally) to Euclidean space.
As described in Section[[I.A] the configuration of the rigid-body aircraft is a point on such a manifold — the special
Euclidean group SE(3). Therefore, SE(3) is a natural choice of Lie group G for which a transformation group is
defined (like in [22]23]]). However, since position does not explicitly appear on the right-hand side of Eq.[9] considering
G = SO(3) is sufficient for the observer presented in this paper.

As explored in [40]] for the deterministic case, there are two transformation groups we may consider. One acts on all
quantities expressed in the body frame, while the other acts on inertial frame quantities. It was found in simulations that
this inertial transformation group yielded slightly better results for the deterministic case. Therefore, we consider the
following as its extension to the stochastic aircraft dynamics.

Proposition 1. The stochastic aircraft dynamics represented by the SDE (12)) are SO(3)-invariant under the transfor-
mation group

v (Pvr ($) R!Jq Qg(y)
pglx)=1| " | =79 , 04(y)= | RyRs | = | ol (y)
Row) \ey(®) v o)
! (23)
R,o,dW,, dw (e W)
Pg(u) = Ryg, dwy(eW) = | oydWy | = dwé”(UW)
ordWr dwé7 (eW)

where g = R, € SO(3).

The proof of Proposition[I]is omitted for brevity. Its deterministic counterpart may be found in [40]. This transformation
group characterizes the rotational symmetry of the aircraft dynamics. It recognizes the fact that the orientation of the
inertial frame is arbitrary.

IV. Stochastic Symmetry-Preserving Reduced-Order Wind Observer
Now that we have established how the SDE (12)) is SO(3)-invariant, the theory developed in [28]] for deterministic
systems can be extended to obtain a reduced-order observer that preserves symmetries associated with transformation

group (23).

A. The Moving Frame

To preserve symmetries in the observer dynamics, we make use of a moving frame [36 Ch. 8], which can be used to
find invariant functions of the system’s state. The moving frame is intimately tied to how sets of transformed points
{04(y) € YV | g € G}, called G-orbits, relate to the composition of Lie group actions. For our problem, we only need
to consider the transformation on the measured part of the state, g4(y). Therefore, it is sufficient to consider a moving
frame to be a mapping v : Y — G that has the equivariance property

v(04(y)) ¥ g9 =7(y) (24)

Geometrically, the moving frame may be viewed as the map from the state space to the Lie group element that
transforms points to a chosen cross-section — a submanifold IC C ) that transversely intersects G-orbits on ). This
interpretation provides a method for constructing a moving frame [29, [36]], which we summarize as follows. For an
r-dimensional Lie group G acting freelyﬂ on the m-dimensional manifold ), let gig“" be the part of g, that maps points
y € Y to an r-dimensional submanifold of ) such that g™ is invertible with respect to g in a neighborhood of the
identity element e € GG. Then, one can select a constant k in the image of gig’“’ that defines the unique point at which the

The Lie group G is said to act freely on ) if 04 (y) = y implies g is the identity element, e.



G-orbit of a generic point y intersects the (m — r)-dimensional cross-section K. In other words, the moving frame is
obtained by solving the normalization equation

o (y) =k (25)
for h € G. The local solution h = ~(y) defines the moving frame, as depicted in Figure

oty (y) =k
v =)

O~ ﬁ'
.Y

Qg
,"Qg (v)

G-orbit Of:l; N]
*
l(_\‘p

(ey(y))e

Fig. 1 Equivariance of the moving frame ~ and its construction via the cross-section /C.

Since the attitude state space of the system is G itself, the moving frame v : ) — G is naturally defined by the
element of G = SO(3) whose action on the rotational configuration yields the identity element, e = I. Therefore, the
normalization equation reads

RyRip =1 (26)

which implies
h=1(y) = Riy 27)

is the group element that defines a moving frame with the equivariance property (24). The moving frame will be used to
construct an invariant mapping from the measured states to estimates of the unmeasured states, which is then used to
define the form of the symmetry-preserving reduced-order observer (Section[[VB) and obtain sufficient conditions for
its stability (Section[I[V.C).

B. Stochastic G-Invariant Pre-Observer
With moving frames identified, we can construct a symmetry-preserving reduced-order pre-observer, defined as
follows.

Definition 2 (Pre-Observer). The dynamical system
z=a(z,y,u) (28)

with output
z=2z+pB(y) (29)
for some smooth map (3 : Y — X is a stochastic G-invariant reduced-order pre-observer for the system (12) if the SDE

dé = a(@ — Bly). y u)dt + dB(y) (30)

is G-invariant and the manifold
Z={(z,z,y) e X x X xY|z=x—-6(y)} (31)

is positively invariant under the flow of the drift vector field (f, h).



The key to constructing the pre-observer (28) is the choice of 3, which we call the observer map. Inspired by Lemma 1
in [28]], let

BY) = Py (f(é’w(y)(y))) (32)
where £ : Y — X is a smooth map. As illustrated in Figure 2} this choice of 3 is special in that it commutes with the

transformation group. That is,
(33)

#4(B(y)) = Bloy(y))

Fig.2 Commutative relationship between 3 and the transformation group.

Rip

Inspecting the choice of B in Eq. (32), we notice that 0l

£:Y\SO(3) — X. Let

(y) = L. Therefore, we need only consider

e 1¢][q
Y _ Uy v 34
(y) Lo Lo w] (34)
L

where L is the observer gain matrix which we allow to vary with time. With this choice of £, Eq. becomes

LY Rlyq + L w

Aly) = RisL4Rl,q + RipL2w

(35)

As an extension of Theorem 1 in [28]], consider the following proposition given without proof.
Proposition 2 (Pre-Observer). Let the vector field (-, y,u) : R™ — TR™ be defined by
a(z,y,u) = F(z+ BW), ¥, u) — LBW) ez py) (36)
Then, the dynamical system 28) with output (29) is a stochastic G-invariant, reduced-order pre-observer.

The components of « as defined by Eq. (36) are

1
avr(z,y,u) =0 Xw+ Ring + E (FO + F,0, + Fw‘-‘") - LZrRirB (RIB’IA}T + ’li])
— LT (Tw x w + My + Mo, + M,w) + L S(w)Rlzq — LY Rizg — LY w  (37a)



(2, y,u) = —RipLd Rl (Rip®, + W) — RipLY T ! (Tw x w + My + Mo, + M, w)
— RisS(w)L¥w — Rip (S(w)LY — LY S(w)) Rlzq — RipLL Rlyq — RipL¥w (37b)

where .
Oy = 2y, + L] Ripq+ L} w

) . (38)
W = 2y + RipL! Ripq + RipL;w

Remark 1. The expression for o in Eq. (37)) is the same as the deterministic observer in [40]. This is because (3 is
linear in the states for which noise enters the stochastic dynamics (). Therefore, the Hessian in It6’s rule vanishes.

The remaining task is to choose the time-varying gain matrix L so that we can make a probabilistic statement about the
convergence of & to x.

C. Stochastically Stable G-Invariant Observer

We now aim to choose the gain matrix L such that the stochastic pre-observer given by Egs. (28) and 29) is a
stochastic observer. That is, we seek sufficient conditions for which a probabilistic statement of stability can be made
about the zero-error manifold Z. Since the sources of noise in Eq. (9) do not vanish on Z, we must consider notions of
stochastic stability for systems with non-vanishing noise.

1. Noise-to-State Stability
The SDE (I6) with initial condition (0, w) = x( (for almost all w € ) is noise-to-state stable (NSS) if for any
€ € (0, 1] there exist a class-/C functionﬁ a and a class-/CL function [ such that

PLlz@))” > B(lzoll, t) + alllolD} <€ (39)

for some integer p > 0. The system is pth moment noise-to-state stable if there exist a class-K function « and a class-KCL
function 3 such that
E{llz@®N”} < Bllzoll, t) + allle]) (40)

where E{X (t,w)} = [, X (t,w)dP(w) is the expected value of a random process X.
Sufficient conditions for NSS are given in [30], which we restate as follows.

Lemma 2 (Corollary 3.9 in [30]). If there exist an integer p > 0, a C*-continuous Lyapunov function V(x), a
continuous positive definite function W (x), class K, functions o, as, and a class-IC function p such that for all
x € R"”,

a1 ([l]?) < V(e) < ax(l|lz|?) (41)
LV (x) < -W(z) + p(llof|r) (42)

where
V(z) < az(W(z)) (43)

Jor some concave class-K , function «s, then the system is noise-to-state stable in probability. Here, || - ||r denotes the

Frobenius norm. Specifically, for any e € (0, 1],

P{lz@)|” > ar' (2u(az(loll?). 1) + a7 (2as (20(lolr))) } <€ (44)
where the class-ICL function u(a, T) is defined by the solution to
dy 1 _
o = 3% W), w0)=a (45)
Furthermore, if o is convex, then the system is pth moment noise-to-state stable in probability such that
E{[z®)"} < ar' (2u (az(llolP), 1)) + a7 ' (205 (20(llo||r))) (40)

The convexity conditions in Lemma 2] are not required in Lyapunov stability theorems for deterministic systems [41]].
They are needed here to leverage Jensen’s inequality, where any convex function « of a random variable X satisfies
a(E{X}) < E{a(X)} [42, Ch. 3]. See [30] for details on how this property applies to Lemma|2]

$See [41] Ch. 3] for the definitions of these comparison functions and properties of the X and £ function spaces.



2. Noise-to-State Stable Wind Observer
Now, we aim to select error coordinates whose origin is proven noise-to-state stable using Lemma 2] Like the
deterministic case [40], consider the invariant error coordinates

TI(Z, T, y) = (P'y(y)(z> + e(Q'y(y) (y)) — Pr(y) (:B) (47)

They are invariant in the sense that 7 : R™ x X x ) — X is an invariant map. They are valid error coordinates because
n = 0 if and only if (2, x,y) € Z, the zero-error manifold prescribed in Eq. (31). Expanding Eq. 7)), we have

Mo, = 2u, + LI Rlpq+ LY w — v, (48a)
M = Rigzw + LY Ripq + Liw — Rigw (48b)

Using a from Eq. (37), the application of Ito’s rule to i yields the invariant error SDE
dn,, = (=S(w)n,, + 2Fmny, — L (g, +n,) — LY T 'Myn,, ) dt + [Rly LY —1] odW (49a)

At = (~L8, (0, + 1) — LT My, — S(w)m) di + [~Rly L2 0] odw (49b)
which we may compactly write as
dn = (A(t) — LC(t))n dt + (B(t) — LD) odW (50)
where
_ | =S(w(t)) + Fy(t)/m 0 B I I
Alt) = 0 —S(w(t))] cl) = [Ile(t) o] s
-
Blt) — RH?(t) 0 —111 Do lo 0 0]
~R;(t) 0 © 0 -1 0

Since y is a known signal, the stabilization of the invariant error SDE (50)) is reduced to LTV observer design for the

fictitious linear input-output SDE

d¢ = A(t)édt + B(t)odW

d¢ = C(t)&dt + DodW
where ( is the observation process whose derivative is the typical output considered in the linear filtering problem.
The remarkable result here is that the solution to the gain design problem is almost the standard Kalman-Bucy filter.
The only barrier is that D has rows of zeros, meaning some of the outputs are noise-free. Since we are constrained
to the closed loop error dynamics (50) and cannot consider more general formulations (e.g., taking derivatives of the
noise-free output [43]]), we consider a blended approach to tuning which does not necessarily produce the minimum
variance estimate, but still will be shown to be noise-to-state stable. First, notice the structures of B and D imply that
the components of dW entering the d€ and d¢ equations are distinct; that is, the “process noise” and “measurement
noise” in Eq. (52) are uncorrelated. Accordingly, let

- | Rz -I ~ |0
o-[% 1] o[

reflect the non-zero input channels of B and D, respectively. To circumvent the rank deficiency of DDT, define

(52)

_ _ 1T T

R= Doy D||Dow D (54)

where D € R6*3 is a tuning parameter that ensures R is invertible. The positive definite matrix R can be thought of as
the power spectral density of an augmented measurement noise vector in Eq. (52)). For the process noise, we have

Q = diag(o,0,! oror) (55)

Since A(t) and B(t) are bounded, uniform observability of the pair (A(t), C(t)) is a sufficient condition [44] for the
existence of a bounded solution P(¢) to the differential Riccati equation

P(t)= A(t)P(t) + P)A)" — P)CH)"TR™'C(t)P(t) + B(t)QB(t)" (56)
Assuming uniform observability, let the observer gain matrix satisfy

L(t)=Pt)C(t)"R™? (57

10



Remark 2. Requiring observability of (A(t), C(t)) is not overly restrictive. Most nonlinear aerodynamic models for
both fixed-wing and multirotor aircraft satisfy this observability requirement. For example, constructing F,, and M,
from the large-domain fixed-wing and multirotor models given in [45] and [46]], respectively, both yield observability.
The theoretical results are demonstrated in simulations of a multirotor aircraft in the Section|[V]

Finally, we apply a time-varying version of Lemma [2] to prove noise-to-state stability and obtain probabilistic
guarantees on the stability of the invariant error system (50). Consider the Lyapunov function

V(t,m) =n"P}(t)n (58)
where P(t) satisfies Eq. (56). Consider the time interval T = [0,7") and let
ki = inf Amin(P71(t)), ko = sup Amax(P~1(1)) (59)
teT teT
Then by the Rayleigh-Ritz inequality,
kilnll* < V(t.n) < ka|[n)? (60)

to satisfy Eq. @I). The expected rate-of-change of V' is

Dy 2v = (TR CW) + PO BOQBT ()P (1))n
+ %Tr (¢7(B() - LD) P! (B(1) - LD)o) (61)
Let
ks = inf Auwin (cTwR'Ct) + P OBOQBT (P (1)) (62)
ki =sup T ((B(t) — LD)"P(t)(B(t) - LD)) (63)

By the definition and sub-multiplicative property of the Frobenius norm,

oV 1
o TLV < —hsll® + SkalloE (64)

to satisfy Eq. (@2). Recalling the positive integer p represents the order of a particular statistical moment of interest, the
comparison functions in Eqs. @I)-@3) of Lemma[2|are

kia?, =1 kya?, =1 k 1
ar(a)=<"" P L az(a)= 2 P . as(a)= 24, pla) = Zkga® (65)
kia, p=2 koa, p=2 2

which proves noise-to-state stability of the invariant error system (50). Furthermore, since o is convex, the error system
is also pth moment noise-to-state stable. Because s is linear, the class-/CL function p is simply

1ks
wla,7) = aexp (—QkQT) (66)
Therefore, the invariant error system (30) is uniformly noise-to-state stable with guarantees that
2/€2 1]‘6'3 2k2k4
PL @) > /=2 o8y Rl < 67
{In()ll 2 ol exp (-5 72 + EklksnanF}e (670
ko 1 ks koky
E t <4/2— ———t 2 67b
(Um0l < y/22mly o (-5 22¢) + /22 ol (67
2 ko 1ks 2 koky
P 2 2hR2 2 _ 1R LR2Ray 2l
{In@1 > 2 21miexn (<5 20) + 22210l | < (68
ko 1ks koky
E B2} < 2= |lno)? —— 2t )+ 222 0|2 68b
(@I} < 22 Imlexp (332 ) + 222 ol (65b)
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The probabilistic convergence guarantees in Egs. (67) and (68) can be extremely useful. Equations (67a) and
may be used to provide confidence intervals on bounds of the exponential convergence. For example, one can conclude
there is a 1% chance that ||n(t)|| ever exceeds

ko 1ks koky
22 —=21) +104/222
Clmlyfexp (5 12¢) + 10,222 oo

From another perspective, one may wish to simply know bounds on the steady-state statistics. That is,

Tk
K1k

k2k4 2
mo el

E{[n(c0)[} < /27" llollr and E{[n(co)]*} <2

3. Alternative Tuning Approach

Altogether, the noise-to-state stability guarantees in Eqs. (67) and (68) are a principled quantification of wind
estimation performance in the presence of both modeling error and turbulence. However, these bounds may be overly
conservative, especially in scenarios where k1 < k2. An alternative approach is to consider Q and R as tuning
parameters rather than noise power spectral densities. In this case, it is beneficial to choose Q and R to optimize the
noise-to-state stability bounds. In contrast to the blended approach described earlier, we call this the optimal bounds
approach to tuning the observer. Examining Eqgs. (67) and (68)), we let

ko ko kq

Jinit = Ea Jratc = k73, and Jss = k?ig (69)
which are proportional to the guaranteed initial error, inverse of the convergence rate, and steady-state error, respectively.
This observation motivates choosing the penalty matrices in the design of the observer gain matrix to minimize the cost
function

J = Jinit + Nljrate + "{2Jss (70)

where 1 and ko are non-negative weighting parameters. To simplify this optimization, let Ay, By, and Cj be
the constant matrices defined by evaluating Eq. (5I)) at some nominal flight condition. Then, let Ly = P, CIR!
where P, satisfies the algebraic Riccati equation Ay Py + PoAg - POC’OT R 'CyP, + BOQBJ = 0. Using a
constrained optimization solver, .JJ can be minimized over Q and R while constraining @ and R to be positive
definite and norm bounded (e.g., ||Q||r < 100 and || R||r < 100). A comparison between the tuning approaches of
Sections [IV.C.2] and [[V.C.3 will be made through numerical simulation in the following section.

V. Simulation Results

A. Simulation Scenario
The stochastic symmetry-preserving reduced-order wind observer was implemented on simulated flight data for the
small quadrotor UAV considered in [46] whose geometry is shown in Figure[3] Neglecting velocity-dependent inflow

Fig.3 Quadrotor geometry.

12



effects, airframe drag, and motor inertia for simplicity, we consider the following nonlinear aerodynamic model.

F, = prR*N,u, (—CH“I Rt — CHuo,uz vg—Chy wr) (71a)

Hx Kz

= p71'Ff2]\/vr’Ulr (_CHuz ROt — CHuo,uz Vg — CH wr) (71b)

Hx Kz

F,
F, = p7TR2( — CTORQNr(S?t + CT“O RN vt + Cr,, R(Nrwr(St — pda — qée) - CT;& Nr(uf + vf)) (71¢)
M, = prQ( —CRr,, R?u,6r + Cp, R?6%a — Cr,, Rvoda — Cr,, R(w.da — 30%(N,pst + qor))

- CHMm RthUr(St - OH thUrVO — OH

O K Ha Kz

Nehoy, ) (71d)
My = prR?( = Cr,. R*udr + Cr, R0 — Cr,, Rugde — Cr,_R(wide — S3(N.got + por))

+Cu, RN:hugdt + Cyr, . Nehuwvy + Cor thurwr) (T1e)

HOsHx Hx kz

M, = prR? (C’QO R*6*r + Cq,, R*vyor + Cq,, R* (w:r — pde — gda) — Cq,. RN,l*pq

— Cn,. R(uba + vede) + 3Cu, . Nul®(uep + vrq)> (71f)

Hx stz
Here, p is the air density, R is the rotor radius, N, = 4 is the number of rotors, 1y is the rotor inflow velocity in
hover, / is the arm length, h is the height of the rotor disc above the vehicle center of gravity, and & = (dt, da, de, o),
82 = (6°t,6%a, 6%¢, §%r) are virtual actuators satisfying

5t 0 52t 0F
2
e I B
or On, 52r Q?Vr
for motor speeds Q1, ..., Q,. The mixing matrix M is determined by the geometry of the aircraft (Figure[3) and is

given for the quadrotor in consideration as follows:

i i i i
ML 02 2 2 g2 )
U2 2 2 2
2 2 2 2
41 +1 -1 -1

Note that § and §? are not independent but rather are related through Mj,.. Therefore, we consider § to be the control
input.

To demonstrate the theoretical performance guarantees, the stochastic aircraft dynamics and observer were simulated
using the Euler-Maruyama scheme [47, Ch. 10] with all assumptions satisfied. That is, the aerodynamic force and
moment satisfy Assumption 3| and the wind is Brownian motion to satisfy Assumption [I| For all simulations, the
components of o were

o, =051, oy =diag(2.30,2.21,5.83) x 1072, o = diag(3.55,3.55,1.77) x 1072

For this ideal case, we decompose the nonlinear aerodynamic model in Eq. according to Eq. (6) and evaluate the
argument v, in Fy, F),, etc. to a nominal value of zero. Note this only affects the few terms in Eq. that are nonlinear
in air-relative velocity. In all simulations, the components of the initial apparent wind velocity were wyn = 10 m/s,
wg = —10 m/s, and wp = 0 m/s.

To showcase the nonlinear stability guarantees and global nature of the observer, a large-amplitude multisine input
excitation was injected on top of the feedback control signal (Figure[da). The multisine was constructed with frequencies
ranging from 0.01 to 1 Hz to effectively explore the state space as seen in Figure 4]

The observability condition mentioned in Remark 2] was verified for each simulated trajectory. The LTV observability
Gramian G, (to, t;) was numerically constructed backwards in time from ¢; = 10 to tg = 0. As shown in Figure
for the same simulation as Figure 4] the minimum eigenvalue of the observability Gramian is bounded away from
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Virtual Actuators, §

Body Velocity, v [m/s]

L L 1 L 340

2 4 6 8 10
Time, t [s]

(a) Control inputs

Angular Velocity, w [deg/s]

2 4 6 8 10
Time, t [s]

(c) Body velocity

o o wt

A Altitude [m]

A North [m]

20 0 -10

220 -30

A East [m]

(b) Simulated trajectory

4 6 8 10
Time, ¢ [s]

(d) Angular velocity

Fig.4 Sample paths of the aircraft state and inputs in turbulent wind.

zero backwards in time, implying observability of (A(t), C(¢)) on [to, 10] for any to > 0 Ch. 9]. Also shown in
Figure[5]is the minimum eigenvalue of the observability Gramian for the nominal hover flight condition in zero wind,

showing persistent maneuvering is not a requirement for this observer.

0.15 T T T T
2 0IPNT — — — —_——— = .
~
>~ ~
£ N
&
~< 0.05F =
Simulated Trajectory
— — — Hover
O 1 T T 1
0 2 4 6 8 10

Initial Time, ty [s]

Fig. 5 Minimum eigenvalue of the LTV observability Gramian on the interval [t,, 10].
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B. Blended Approach to Tuning

First, the blended tuning approach described in Section was considered. The free tuning parameter D was
chosen as D = [T 0]T x 10~3. To evaluate the conservatism of the noise-to-state stability guarantees, 1000 simulations
of the stochastic aircraft dynamics and observer with initial estimate & = 0 were conducted to numerically approximate
the probability density of ||1(¢)||. The result of these simulations is shown in Figure [f| where we see exponential
convergence to a stationary distribution within about one second. The computed mean p(¢t) = E{||n(¢)||} and standard

2
I H 5
- —— .t —_—— —— 0 2.5
1.5F
34 2
oy
wn
=] —
g = 1.5
=) =1
> &
h=1 —
2 1
g
8 0.5F B B T UL I e e
[ 0.5
0 . . 0
0 0.5 1 1.5 2
In(t)] Time, ¢ |3

Fig. 6 Probability density of the error ||7)(¢)|| using the blended tuning approach.

deviation o(t) = \/E{(][n(t)]| — 1(¢))} are shown in red. For this tuning, the noise-to-state stability guarantees held
across all simulations with

ki =15.6, ko =59x 10%, k3 =240, and ks =121 x 10° (74)

The corresponding bounds on the first and second moments of ||n(t)|| are shown in Figure [7|along with the moments
computed from Monte-Carlo simulations. Clearly, these bounds are extremely conservative and thus not useful.
Regardless, the representative time history in Figure([§|along with the Monte-Carlo results demonstrate the excellent

2720 =2 T T . . . 4 x10° ' ' ' '
= S~ - o~ -
-~ ke ~a.
M 2710} Teell 1 A 3.95| . |
wn N Il .
X ~<. 179} ~-<
Z S~a N %
2700 L L L 1 3.9 | | ] |
20 T T T T 400 . . . .
= &
£ 10 1 =200 1
= =
M Y k
0 0 : - ) -
0 2 4 6 8 10 0 2 4 6 8 10
Time, t [s] Time, t [s]
(a) First moment (b) Second Moment

Fig. 7 First and second moment noise-to-state stability guarantees for the blended tuning approach.

performance of the observer even though the statistical guarantees are too conservative to support it.
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Fig. 8 Sample time history of state estimates using the blended tuning approach.

C. Optimal Bounds Approach to Tuning

Next, we consider the alternative tuning approach described in Section[I[V.C.3]in which the aim is to minimize a
weighted sum of the guaranteed initial error, inverse of the convergence rate, and steady-state error. With k1 = 10 and
ko = 1, the cost function .J given in Eq. (70) was minimized to yield

[13.60 0.65 —0.28 2298 1.76 —0.71] [16.79 —2.15  0.02 0.44 3.17 —0.02]
0.65 1571 0.75 1.90 29.06 0.45 —2.15 891 —0.18 —1.78 —0.39 0
—0.28 0.75 18.86 —0.24 1.27 15.66 0.02 —0.18 4.08 0.04 —0.01 0

) = s R =
@ 2298 1.90 —-0.24 46.92 4.82 -1.51 044 —-1.78 004 1.06 0.08 0
1.76 29.06 1.27 482 63.07 0.68 3.17 =039 —-0.01 0.08 1.25 —-0.01
—0.71 0.45 1566 —1.51 0.68 91.99] —0.02 0 0 0 —0.01 52.79|

Again, we perform 1000 simulations of the stochastic aircraft dynamics and observer to numerically approximate the
probability density of ||7(¢)]|. These results are shown in Figure[9] where we see exponential convergence to a stationary
distribution distinct from Figure[f] Note the difference in scale between Figures [fland[9] For this tuning approach, the

8
_-—— o 2
2.5 6
>
T2 15
=] —
@ —~
A 4
o S
= = 1
=
<
e 2
E 0.5
0 ' 0
0 2 4 6 8
@)l Time, ¢ [s]

Fig. 9 Probability density of the error ||7(¢)|| using the optimal bounds tuning approach.
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noise-to-state stability guarantees held across all simulations with

ki =0.06, ky=0.24,

ks = 0.14,

and k4 = 5.08

(75)

The guarantees shown in Figure [T0]are much less conservative than the previous tuning, but are still not a reflection
of the Monte-Carlo results. Further, as seen in Figure [T} this tuning approach yields less conservative bounds at the
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Fig. 10 First and second moment noise-to-state stability guarantees for the optimal bounds tuning approach.

expense of performance. The convergence of the first and second moments of the estimate error is slower than in

Figure[f] Similarly, the computed steady-state mean and standard deviation are roughly twice as large.
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Fig. 11 Sample time history of state estimates using the optimal bounds tuning approach.
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VI. Conclusions

A stochastic symmetry-preserving, reduced-order observer has been developed to estimate wind from aircraft motion
in turbulence. Leveraging the invariance of the stochastic aircraft dynamics under Lie group actions, the proposed
observer achieves linear error dynamics, enabling the application of standard observer/estimator design techniques,
such as Kalman-Bucy filtering. Noise-to-state stability guarantees provide probabilistic bounds on the convergence of
the invariant error, although Monte-Carlo simulation revealed these bounds to be conservative. To address this, an
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(b) Wind velocity
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alternative tuning approach was explored, offering less conservative bounds at the cost of poorer transient performance.
Future work will aim to obtain tighter bounds across various aircraft types (fixed-wing, multirotor, vertical takeoff and
landing). More physically accurate turbulence models will be considered along with experimental validation using
flight test data. By providing principled convergence guarantees, the proposed observer has the potential to support
safety-critical systems by providing provably accurate extended state estimates that enable enhanced autonomy.

Appendix: A Note on State Observers versus State Estimators

Consider a dynamical system (possibly random) with state space X and observation space ). In short, we consider
a state estimate to be the output of a mapping from ) to functions on X. State estimates may be obtained from state
observers or state estimators, for which we make a distinction. Consider a dynamical control system represented by
differential equations of the form & = f(x,u) + g(x, u)w where & € X is the state vector, u € U is the known
control input, and w € W is an unknown disturbance (possibly random). Let y = h(z, u) + d(x, u)v be the measured
outputs of the system, where v € V is an unknown measurement disturbance (possibly random).

The dynamical system 2 = a(z, y, u) with the corresponding state estimate & = p(z, y, u) is considered a state
observer if some stability claim can be made about the set £ = {(x, z) | € = &}. The stability of £ may be asymprotic,
input-to-state, stochastic, noise-to-state, etc. Examples of state observers include linear Luenberger observers, H
filters, passivity-based observers, high-gain observers, and the symmetry-preserving reduced-order observer considered
in this paper.

A state estimator is not concerned with the stability of a state estimate, but rather with producing an informed
mapping from measurements to statistics of points in the state space. Such statistics include the conditional mean
& = E{z(t)|{y(7)} <}, the conditional covariance E{[x () — & (t)][z(t) — & (¢)] T |[{y(7) } » <+ }, or even the conditional
probability density function p(x(t)|{y(7)}-<;). Examples of state estimators include the Kalman filter, unscented
Kalman filter, exact nonlinear filters (see [49] for examples), and particle filters. It is important to note that state
estimators can also be state observers. For example, the Kalman filter can also be shown to be a noise-to-state stable
observer.
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