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Indirect wind estimation onboard unmanned aerial systems (UASs) can be accomplished using existing

onboard sensors along with a dynamic model of the UAS augmented with additional wind-related states.

Although many indirect estimation approaches achieve desirable accuracy under the assumption of known

system parameters, the effect of parametric uncertainty on wind estimate precision is important and has not

been thoroughly investigated. This paper describes the theory and process for using generalized polynomial

chaos (gPC) to recast the dynamics of a system with nondeterministic parameters as a deterministic system. The

concepts are applied to the problem of wind estimation and to characterizing the precision of wind estimates over

time due to known parametric uncertainties. In the multivariate case, gPC exhibits a computational advantage

over Monte Carlo sampling-based methods and produces a deterministic system upon which control and

estimation methods can be applied.

I. Introduction

W IND estimation from aircraft motion is useful for many
reasons, including weather forecasting, air traffic manage-

ment, and feedback control [1]. The ability to estimate wind indi-

rectly (i.e., without specialized instrumentation) is of particular

interest due to the increasing ubiquity of small unmanned aerial

systems (UASs) [2] and the unobtrusive/low-cost nature of using
operational sensors [e.g., air vehicle Global Positioning System

(GPS), accelerometers, and gyroscopes]. Generally, these estima-

tion methods can be grouped into two major categories: model-

based and model-free. Model-based estimation requires accurate
aerodynamic and propulsion models of the aircraft to generate state

and wind estimates [3,4]. Model-based methods are popular because

they incorporate knowledge of the vehicle dynamics. They do not

require direct measurement of the wind, such as with an air data

sensor [5], and are thus readily applied to UASs. However, the
current literature often does not address uncertainty in wind esti-

mates due to uncertainties in the aircraft model.
Uncertainty refers to how imperfect knowledge is manifested in a

system or process model [6]. Uncertainty is generally categorized as
either aleatory uncertainty, which is inherent (irreducible) random-

ness in a system or process, or epistemic uncertainty, which is

incomplete or inexact (reducible) encoding of the physical system

or process into the model [7].
Uncertainty quantification (UQ) is the science of characterizing

the uncertainty of model outputs due to uncertain inputs and

assumptions ([8], Ch. 1). UQ is useful in determining the confidence

one should place in the results of a simulation or experiment.
Traditionally, sampling-based methods, such as Monte Carlo

(MC) analysis, have been the primary tool for UQ [9,10]. In MC

analysis, numerous deterministic simulations are used to generate

posterior statistical information based on known or assumed a priori

probability distributions for the uncertain elements of a system. MC

for UQ has been applied to many diverse problems, such as flutter

analysis [11], entry vehicle trajectory prediction [12], and chemical

reactions [13], to name a few. Although MC is a reliable method for

UQ and is often a baseline for other methods, it is computationally

expensive, sometimes prohibitively so [11]. To avoid the computa-

tional burden of MC analysis, approaches such as design of

experiments/response surface methodology (DOE/RSM) are

available, in which an approximated input/output model is tested

with a minimal set of inputs [11]. However, this method is highly

dependent on the proper choice of response surface equation and

can yield inaccurate or false information if the equation is not

chosen carefully. Neither MC nor DOE/RSM are tractable for

real-time applications. As an alternative, we present a method

for characterizing the aleatory uncertainty in wind estimates due

to imperfect knowledge of system parameters, which are treated

as stochastic, using generalized polynomial chaos (gPC) [14] to

overcome these limitations.

A field closely related to UQ is sensitivity analysis (SA). SA

seeks to determine how the model output uncertainty can be

apportioned to individual input (parametric) uncertainties or com-

binations thereof [15]. Ideally, UQ and SA are performed con-

currently to evaluate model confidence and identify areas for

model improvement. As with UQ, MC is the most commonly

used method for conducting SA due to the ease of implementation

[16–18]. Again, this comes with a significant computational cost

to conduct the simulations necessary to achieve reliable results.

We present the use of gPC for wind estimate SA, along with a

process for reducing input complexity, which is computationally

superior to MC.

In Sec. II, we present the aircraft motion model for which we

develop the state estimator. In Sec. III, we develop the methods for

analyzing uncertainty in wind estimates. Section VI presents an

example using flight-test data and multivariate uncertainty. In

Sec. VII, we present the results from multivariate analysis. Finally,

in Sec. VIII, we present conclusions.

II. Aircraft Motion in Wind

In developing the aircraft motion model for model-based esti-

mation, we begin by defining a wind field. We then present a

nonlinear flight dynamic model, with a common simplification

(Assumption 1) for the effect of wind on the aircraft. Finally, we

linearize the flight dynamic model about an arbitrary steady

motion for use in the wind estimator design and analysis.

Although these methods could be applied to any aircraft, this

paper will focus on fixed-wing aircraft.
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A. Wind Field

Consider an aircraft in a wind velocity fieldW that varies in space

and time. At an instant of time, the wind velocity that would exist at

the aircraft center of gravity (c.g.) if the aircraft were absent

(the apparent wind) is

w�t� � W�X�t�; t� (1)

where X � �XN XE XD�⊤ is the north–east–down position of the

aircraft c.g. in a reference frame F I . Although F I is fixed to the

Earth’s surface, we consider it to be an inertial reference frame, as is

commonly done over short time intervals. We define it using the

orthonormal triad fi1; i2; i3g. The total time derivative of the appar-

ent wind is

dw

dt
� ∂W�X; t�

∂t
� ∂W�X; t�

∂X
dX

dt
(2)

Adopting the standard overdot notation for the total time derivative

and suppressing the arguments gives

_w � ∂W
∂t

� ∂W
∂X

_X (3)

B. Aircraft Nonlinear Equations of Motion in Wind

Having introduced the dynamics of the wind field in Sec. II.A, we

now briefly present the aircraft equations of motion relative to the

wind. The reader is directed to [19,20] for a full treatment of the

derivation. Begin by defining the orthonormal aircraft body refer-

ence frame FB defined by unit vectors fb1; b2;b3g originating at the
c.g., where b1 points forward, b2 points out the right wing, and b3
completes the right-handed reference frame. The transformation

mapping free vectors from FB to F I is given by the rotation matrix

RIB�Θ� � e�e3×�ψe�e2×�θe�e1×�ϕ (4)

where Θ � �ϕ θ ψ �⊤ is the vector comprising the aircraft roll, pitch,

and yaw Euler angles, respectively. Here, e1 � �1 0 0�⊤, etc.,

and ��⋅�×� is the skew-symmetric cross-product equivalent matrix

satisfying �a×�b � a × b for three-vectors a and b. RBI ≔R−1
IB

�R⊤
IB because RIB is orthonormal. The aircraft kinematics are given

by

_X � RIBv (5)

_RIB � RIB�ω×� (6)

where v � �u v w�⊤ is the aircraft velocity with respect to the inertial

frame, andω � �p q r�⊤ is the aircraft angular velocity with respect to

the inertial frame, where both v andω are expressed in the body frame.

Although the matrix differential equation (6) holds for any parameter-

ization of RIB, adopting Euler angles gives the more compact system

_Θ � LIB�Θ�ω �
1 sinϕ tan θ cosϕ tan θ

0 cosϕ − sinϕ

0 sinϕ sec θ cosϕ sec θ

p

q

r

(7)

The aerodynamic forces F and momentsM depend on the velocity of

the aircraft relative to the wind. Let

vr � v −RBI�Θ�w (8)

where vr � �ur vr wr�⊤ is the velocity of the body’s center of gravity

with respect to the wind, given in the body frame. Equation (8) is

known as the wind triangle. To simplify the derivation of the aircraft

equations of motion, the following assumption is adopted:

Assumption 1: The flow is steady and uniform over the scale of

the aircraft; that is, �∂W∕∂t� and �∂W∕∂X� are ignored in the aircraft
dynamics.
Assumption 1 may seem incompatible with the motivating chal-

lenge of estimating variations in the wind velocity. However, the

assumption does not impede the model-based filter from adjusting

wind velocity estimates based on measurements. This assumption,

which is consistent with [1,21], could be relaxed, but it simplifies

the results presented here. One consequence of Assumption 1 is that

the air-relative angular velocity is equal to the vehicle angular

velocity ω. We therefore assume that the aerodynamic forces and

moments have the general dependence:

F � F�vr;ω; u�; M � M�vr;ω; u� (9)

where u � �δT δa δe δr�⊤ are the throttle, aileron, elevator, and

rudder control inputs, respectively.
In this work, we consider a particular aircraft model as a repre-

sentative example. The aerodynamic model is the one described in

[22]. The model has nondimensional coefficients of the form

CX � CXo
� CXα

α� CX
α2
α2 � CXδe

δe � CTδT (10a)

CZ � CZo
� CZα

α� CZq
q̂ (10b)

Cm � Cmo
� Cmα

α� Cmq
q̂� Cmδe

δe (10c)

CY � CYβ
β� CYp

p̂� CYr
r̂� CYδa

δa � CYδr
δr (10d)

Cl � Clβ β� Clp p̂� Clδa
δa (10e)

Cn � Cnβ β� Cnr r̂� Cnδa
δa � Cnδr

δr (10f)

where the propulsion coefficient CT is modeled using information

from [23]. Here, an overhat (^) indicates a nondimensional angular

rate. (The same notation will later be used to denote an estimate of a

state variable.) The angle of attack α and angle of sideslip β are

defined as follows:

α � tan−1
wr

ur
and β � sin−1

vr
Vr

(11)

where Vr � kvrk. Note that Eqs. (9) and (10) omit the common

quasi-steady approximations of unsteady effects (e.g., _α and _β).
Thus, the well established nonlinear equations of motion, covered

at length in [19,24], adapted for the assumed wind field, are

_X � RIB�Θ�vr �w (12a)

_Θ � LIB�Θ�ω (12b)

_vr � vr × ω� gRBI�Θ�e3 �
1

m
F�vr;ω; u� (12c)

_ω � I−1�Iω × ω�M�vr;ω; u�� (12d)

where I is the matrix of aircraft moments and products of inertia, as

computed in FB. The aircraft state and measurement equations are

_x � f�x; u;w� (13a)

y � h�x; u; ν� (13b)

where the state, input, and wind vectors are
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x � X⊤ Θ⊤ v⊤r ω⊤ ⊤
; u � δT δa δe δr

⊤
;

w � wN wE wD
⊤

(14)

and where ν is an unknown finite-energy measurement disturbance

(i.e., noise). We now present the linearized equations of motion for

the aircraft in a wind field.

C. Linearized Small-Perturbation Equations for Fixed-Wing
Aircraft Motion in Wind

For the purpose of wind estimation, the aircraft state of motion is

assumed to remain in the neighborhood of a nominal equilibrium

flight condition over a desired time or distance. Recall that the most

general “aerodynamic steady state” ([19], sec. 5.9) is a vertical helix

in calm air. This nominal flight condition is defined with regard to

the mean wind field. Let the subscript eq � �xe; ue;we� denote the
state and control variables and the mean wind velocity correspond-

ing to a given equilibrium flight condition (e.g., straight and level

cruise in still air). Having defined a nominal equilibrium state of

motion and assuming that the flight dynamic model is exact, any

perturbations from the equilibrium flight condition that are not

attributed to the initial state or control inputs can be ascribed to

the wind disturbance.
To prepare for the formulation of a linear filter, it is necessary to

develop a linear time-invariant (LTI) model from the equations of

motion given in Sec. II.B. Define

A � ∂f
∂x eq

B � ∂f
∂u eq

Π � ∂f
∂w eq

(15)

Linearizing the time-invariant system [Eq. (12)] about the equilib-

rium flight condition gives the LTI system

Δ _x�t� � AΔx�t� � BΔu�t� �ΠΔw�t�; Δx�0� � Δx0 (16a)

Δy�t� � CΔx�t� �DΔu�t� � Λν�t� (16b)

respectively. Additionally, Δy�t� ∈ Rny is the measurement pertur-

bation, C and D are the output and feedthrough matrices, respec-

tively, and Λ is the measurement noise input matrix. Note that,

although the position and heading variables in xe depend on time,

they are ignorable coordinates in the dynamic equations, and the

resulting small-perturbation model is LTI. For brevity, we drop the

Δ notation.

III. Wind Estimation and Uncertainty

This section describes the process of using gPC to characterize

the aleatory uncertainty in wind estimates due to the stochastic

nature of the linear model matrices. As described in Sec. II, the

typical process for developing the linear aircraft model needed for

wind estimation involves first postulating a nonlinear model struc-

ture, then identifying the model parameters from experimentation,

and finally linearizing about the desired condition. During the

system identification process, parametric uncertainty can largely

be viewed as epistemic. That is, by gathering additional data or

considering different model structures, we could reduce model

uncertainty with additional time and effort. Commonly used system

identification processes [25] (Chap. 6) aim at determining a model

structure and model parameters for which the model prediction error

is a minimum-variance uncorrelated random process. The error is

typically attributed to random disturbances and measurement noise

in the output data used for model identification, but a direct conse-

quence is a nondeterministic model in which the model parameters

are described by probability distributions (e.g., mean and variance).

For this reason, we consider the parameter uncertainty to be well

described as aleatory.

A. Augmented System and Filtering

To generate wind estimates, we augment the aircraft state vector

with the wind states, following the approach in [21], defining xA �
�x⊤ w⊤�⊤ so that

_xA�t� �
A Π

0 � xA�t��
B

0
u�t� �AAxA�t��BAu�t� (17a)

yA�t�� C 0 xA�t��Du�t��Λν�t��CAx�t��Du�t��Λν�t�
(17b)

where � is based on the user’s model of the wind dynamics. (For

example, in [26,27], a low-pass filter was used.) A Luenberger filter

for the augmented system of Eq. (17) is of the form

_̂xA�t� � AAx̂A�t� � BAu�t� � K�yA�t� − CAx̂A�t��; x̂A�0� � x̂A0

(18a)

ẑ�t� � Lx̂A�t� (18b)

where the overhat notation (^) now denotes an estimate, ẑ are the

estimates of interest (e.g., the components of the wind velocity), and

K is a generic filter gain matrix determined using a method such as

KALMAN–BUCY filtering or H∞ filtering [26,27].

B. Mapping from Nonlinear Uncertainty to Linear Uncertainty

We first note that the nonlinear equations f can be separated into

kinematic and dynamic equations, f � �f⊤
k f⊤

d �⊤, respectively. In this
study, we seek to address the uncertainty in the dynamic equations fd

that arises from the aerodynamic parameters (ϑ ∈ Rm) given in

Table A1 in Appendix A. The aerodynamic model [Eq. (10)] is linear

in its parameters. This is a common choice of model structure [25]

(Chap. 4). Thus, the dynamic equations can be further separated into

parts independent of and dependent on ϑ:

fd�x; u;ϑ� � �fd�x;u� �
m

i�1

�gi�x;u�ϑi (19)

We can similarly separate A;B, and Π into kinematic and dynamic

components:

A � Ak

Ad

; B � Bk

Bd

; Π � Πk

Πd

(20)

Then, from Eqs. (15) and (19), the elements of Ad are

Adp;q �
∂ �fdp
∂xq

eq

�
m

i�1

∂ �gi;p
∂xq

eq

ϑi (21)

The elements ofBd andΠd are found similarly. Equation (21) gives an

expression for how uncertainty in the parameters of the nonlinear

model maps to uncertainty in the linear system. To simplify the

presentation of gPC, we make the following common assumption

[28–30]:
Assumption 2: The nonlinear model parameters are statistically

independent [31].
Under Assumption 2, we can use Eq. (21), along with knowledge

of the characteristics of the uncertainty of the nonlinear model

parameters, to determine the linear model uncertainties. Referring

again to Table A1, the result of the system identification process is

that the nonlinear model parameters are normally distributed,

ϑi ∼N �μi; σ2i �, where μ is the mean value, and σ is the standard

deviation. Thus, we can apply the normal sum theorem [31] to get

808 GAHAN, HOPWOOD, AND WOOLSEY



μ�Adp;q� �
∂ �fdp
∂xq

eq

�
m

i�1

∂ �gi;p
∂xq

eq

μ�ϑi� (22)

σ2�Adp;q� �
m

i�1

∂ �gi;p
∂xq eq

σ�ϑi�
2

(23)

The resulting equations are provided in Appendix B. We now have

A�χ � � Ak

Ad�ξ�
(24)

where ξ are canonical random variables known as germs, described
further in Sec. III.C.1, and nξ is the number of germs. Finally, χ ∈
Rnξ is the vector of random parameters for the linear system.
Following a similar process, we can find B�χ � and Π�χ �.

C. Uncertain Filter Equations

Consider the uncertain form of the filter equations (18):

_̂xA�t; χ � � AA�χ �x̂A�t; χ � � BA�χ �u�t� � K�yA�t� − CAx̂A�t; χ ��
(25a)

ẑ�t; χ � � Lx̂A�t; χ � (25b)

Because AA and BA are functions of χ , it follows that x̂A and ẑ are
stochastic. The matrices CA;K, and L are deterministic. Specifi-
cally, CA and L are determined by available measurements and
desired estimates, respectively, and K is designed using some
nominal deterministic system.
For these stochastic LTI equations, we use gPC to perform

generalized polynomial chaos expansion (gPCE), which results in
a deterministic system of equations. We then use the resulting gPC
system to characterize uncertainty in the wind estimates.

1. Physical Random Variables and gPC Germs

Before proceeding, it is worthwhile to think of the random vector
χ as a vector of physical random variables. The characteristics of
these physical random variables (distribution, mean, variance, etc.)
are the results of observations or assumptions regarding tangible
aspects of the aircraft. For example, if we were considering uncer-
tainty in the aircraft mass, then the mean would certainly be some
nonzero positive value. As mentioned at the beginning of this
chapter, the current uncertainty we are addressing is tied to the
system identification methods used. However, the system identifi-
cation coefficients and regressors [25] (Chap. 5) also have physical
meaning.
Alternatively, germs ξ are canonical random variables that have a

one-to-one correspondence with certain families of orthogonal pol-
ynomials [32]. The polynomials are derived from the Askey
scheme, and a germ–polynomial pair is known as WIENER–ASKEY

polynomial chaos [32]. Note that gPC is performed around germs
and not around physical random variables directly. For example, a
uniform random variable χ ∼ U�5; 10� requires support on the inter-
val [5,10]; however, the support for the uniform germ is �−1; 1�.
Thus, it is necessary to recast the physical random vector χ in terms
of ξ. This recasting process may be accomplished via a gPCE or
through some other transformation [8,33,34].
To illustrate, let us assume that there is a normally distributed

parameter c�χ1� with mean μ�c� and standard deviation σ�c�. First,
we need to recast c�χ1� in terms of a germ so that we can apply gPC.
Since c�χ1� is normally distributed, the GAUSSIAN germ is appropri-
ate. Following [33] (sec. 5.1.2)

c�χ1� � μ�c� � σ�c�ξ1 (26)

where ξ1 ∼N �0; 1�. A thorough demonstration of this process is
given in [35].

As we proceed further with the discussion of gPC, the uncertain

filter equations [Eq. (25)] are assumed to be recast using germs:

_̂xA�t; ξ� � AA�ξ�x̂A�t; ξ� � BA�ξ�u�t� � K�yA�t� − CAx̂A�t; ξ��
(27a)

ẑ�t; ξ� � Lx̂A�t; ξ� (27b)

D. Generalized Polynomial Chaos

Let us define a tuple j � �j1; : : : ; jnξ� ∈ N
nξ
0 , where N0 are the

natural numbers including 0, with jjj � j1� · · · �jnξ denoting the

total degree of j [36]. We can construct multivariate gPC basis

functions as products of univariate gPC polynomials according to

the WIENER–ASKEY scheme [37]; that is

ϕj�ξ� � ϕj1�ξ1� : : :ϕjnξ
�ξnξ�; 0 ≤ jjj ≤ ∞ (28)

From [32], a second-order random process (i.e., finite variance) can

be represented as a gPCE. Thus, for a function ψ�ξ�∶Rnξ → R,

ψ�ξ� �
∞

jjj�0

ψjϕj�ξ� (29)

where fψjg are the set of expansion coefficients. This expansion

converges in the L2 sense [32,38]. Fundamental to the concept of

gPCE is the orthogonality of basis functions with respect to the

distribution φ�ξ� of ξ, where φ�ξ� � Πnξ
k�1φk�ξk�. That is

hϕj�ξ�;ϕk�ξ�i ≔
Ω
ϕj�ξ�ϕk�ξ�φ�ξ� dξ (30a)

� Eξfϕj�ξ�ϕk�ξ�g (30b)

�
hϕj�ξ�;ϕj�ξ�i; if j � k

0; if j ≠ k
(30c)

whereΩ is the support of φ�ξ� given byΩ � Ω1× · · · ×Ωnξ [37]. In

practice, it is not feasible to perform an exact gPCE because this

requires an infinite number of basis functions. Instead, the gPCE is

truncated to some suitably high order such that the total degree

jjj ≤ p:

ψ�ξ� ≈
p

jjj�0

ψjϕj�ξ� ≕ ~ψ�ξ� (31)

where p is the polynomial order, and the number of expansion

factors is

Np � nξ � p

p
≔

�nξ � p�!
p!�nξ � p − p�! �

�nξ � p�!
nξ!p!

(32)

For convenient manipulation of the multi-index j, the graded lexico-
graphic order (GLO) is often used [36], where k > j if jkj > jjj, or
if jkj � jjj and the first nonzero entry in k − j is positive. Table 1

presents the resulting ordering of a 3-tuple, as well as the associated

single-index j 0. The orthogonality property expressed in Eq. (30)

ensures that ~ψ�ξ� is the minimum error (ϵ) representation of ψ�ξ�
with respect to the Euclidean norm on the space spanned by the

truncated basis functions [39]. This is known as a GALERKIN projec-

tion [39]. Figure 1 shows this concept for a two-term gPCE in a

single uncertain variable.
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E. GALERKIN Projection of Stochastic Systems

As in [40], consider a random function s��t; ξ�, with ns compo-

nents s�i �t; ξ� that are parameterized by ξ for i ∈ f1; : : : ; nsg. These
components can be approximated using gPCE as follows:

s�i �t; ξ� ≈ ~si�t; ξ� ≔
p

jjj�0

si;j�t�ϕj�ξ� (33)

where s are the gPC expansion coefficients. For compactness, we

define

~s�t; ξ� ≔ � ~s1�t; ξ� ~s2�t; ξ� : : : ~sns�t; ξ��⊤ ∈ Rns×1 (34a)

If ~s was the state vector for a dynamical system, for example, then
~s1; : : : ; ~sns would be the individual components, and s��t; ξ�≈
~s�t; ξ�. Next, we define

si�t� ≔ �si;0�t� si;1�t� : : : si;j 0 �t��⊤ ∈ RNp×1 (34b)

which is the column vector of Np expansion coefficients for a given

component i of ~s. Additionally, define

ϕ�ξ� ≔ �ϕ0�ξ� ϕ1�ξ� : : : ϕj 0 �ξ��⊤ ∈ RNp×1 (34c)

which is the column vector of Np multivariate basis functions

corresponding to each expansion coefficient. Finally, we group the

ns column vectors si to obtain

sPC�t� ≔ �s1�t� : : : sns�t�� ∈ RNp×ns (34d)

We can now represent the gPCE as

~s�t; ξ� � s⊤PC�t�ϕ�ξ� (35a)

� ϕ⊤�ξ� ⊗ Ins vec s⊤PC�t� (35b)

≕ Φ⊤
s �ξ�S�t� (35c)

where⊗ is the KRONECKER product, and vec�⋅� is the vectorization of
a matrix. Note that Φ⊤

s �ξ� ∈ Rns×nsNp and S�t� ∈ RnsNp×1.

F. GALERKIN Projection of the Uncertain Filter Equations

For clarity, let us use �⋅�� to denote the original uncertain filter

equation variables [Eq. (25)]. Substituting the gPCEs of x̂�A and ẑ�

into the uncertain filter equations gives

Φ⊤
x̂A
�ξ� _̂XA�t� � AA�ξ�Φ⊤

x̂A
�ξ�X̂A�t� � BA�ξ�u�t�

� K�yA�t� − CAΦ⊤
x̂A
�ξ�X̂A�t�� (36a)

Φ⊤
ẑ �ξ�Ẑ�t� � LΦ⊤

x̂A
�ξ�X̂A�t� (36b)

Next, premultiply the filter equation by Φx̂A�ξ� and the estimate

equation by Φẑ�ξ� to get

Φx̂A�ξ�Φ⊤
x̂A
�ξ� _̂XA�t��Φx̂A�ξ�AA�ξ�Φ⊤

x̂A
�ξ�X̂A�t��Φx̂A�ξ�BA�ξ�u�t�

�Φx̂A�ξ�K�yA�t�−CAΦ⊤
x̂A
�ξ�X̂A�t�� (37a)

Φẑ�ξ�Φ⊤
ẑ �ξ�Ẑ�t� � Φẑ�ξ�LΦ⊤

x̂A
�ξ�X̂A�t� (37b)

Take the expectation of both equations and let Mx̂A � EξfΦx̂A �ξ�
Φ⊤

x̂A
�ξ�g and Mẑ � EξfΦẑ �ξ�Φ⊤

ẑ �ξ�g be the normalization matri-

ces. By Eqs. (30) and (35), Mx̂A and Mẑ are diagonal and full rank.

Therefore

Mx̂A
_̂
XA�t� � AAX̂A�t� � BAu�t� �KyA�t� −KCAX̂A�t� (38a)

MẑẐ�t� � LX̂A�t� (38b)

where

AA � Eξ Φx̂A�ξ�AA�ξ�Φ⊤
x̂A
�ξ� ∈ Rnx̂Np×nx̂Np (39a)

BA � EξfΦx̂A�ξ�BA�ξ�g ∈ Rnx̂Np×nu (39b)

K � EξfΦx̂A�ξ�Kg ∈ Rnx̂Np×ny (39c)

KCA � EξfΦx̂A�ξ�KCAΦ⊤
x̂A
�ξ�g ∈ Rnx̂Np×nx̂Np (39d)

L � EξfΦẑ�ξ�LΦ⊤
x̂A
�ξ�g ∈ RnẑNp×nx̂Np (39e)

Finally,

_̂
XA�t� �M−1

x̂A
AAX̂A�t��BAu�t��KyA�t�−KCAX̂A�t� (40a)

Ẑ�t� � M−1
ẑ LX̂A�t� (40b)

where X̂A�t� ∈ Rnx̂Np . These gPC filter equations are no longer a

function of ξ and are thus deterministic dynamics of expansion

coefficients. The outputs are useful for analyzing the statistics of

the behavior of the original uncertain system.

Table 1 Example of
graded lexicographic
ordering with nξ � 3

jjj j j 0

0 (0, 0, 0) 0
1 (1, 0, 0) 1

— — (0, 1, 0) 2
— — (0, 0, 1) 3
2 (2, 0, 0) 4

— — (1, 1, 0) 5
— — (1, 0, 1) 6
— — (0, 2, 0) 7
— — (0, 1, 1) 8
— — (0, 0, 2) 9
3 (3, 0, 0) 10

— — (2, 1, 1) 11

..

. ..
. ..

.

Fig. 1 GALERKIN projection of random variable ψ onto the space of two
polynomial chaos basis functions ϕ1 and ϕ2.
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IV. Uncertainty Quantification and Sensitivity Analysis

This section describes the extraction of statistical moments and
the computation of pointwise and cumulative sensitivity indices
from the generalized polynomial chaos (gPC) filter formulation.

A. Statistical Information from the gPC Filter Equations

From the gPCE of Eq. (25), we now have an analytical repre-
sentation [37] (Chap. 5) of the filter equations in terms of ξ. From
this analytical representation, we can directly extract the statistics of
the outputs. Recall from Sec. III.E that

ẑ��t; ξ� ≈Φ⊤
ẑ �ξ�Ẑ�t� (41)

The mean of ẑ��t; ξ� over ξ can thus be approximated as

μẑ� �t� ≔ Eξfẑ��t; ξ�g ≈ Eξ Φ⊤
ẑ �ξ�Ẑ�t�

�
Ω

Φ⊤
ẑ �ξ�Ẑ�t� φ�ξ� dξ � Ẑ0�t� (42)

Similarly, its covariance, Cov�ẑ��t; ξ��, can be approximated from

Cov�ẑ��t; ξ�� ≔ Eξ ẑ��t; ξ� − μẑ� �t� ẑ��t; ξ� − μẑ� �t� ⊤

(43a)

≈Eξ Φ⊤
ẑ �ξ�Ẑ�t� − Ẑ0�t� Φ⊤

ẑ �ξ�Ẑ�t� − Ẑ0�t� ⊤

(43b)

�Eξ Φ⊤
ẑ �ξ�Ẑ�t�Ẑ⊤�t�Φẑ�ξ� − Ẑ0�t�Ẑ⊤

0 �t� (43c)

�MẑẐ�t�Ẑ⊤�t� − Ẑ0�t�Ẑ⊤
0 �t� (43d)

Thus, the total variance of ẑ��t; ξ� is σ2�ẑ��t; ξ�� � tr�Cov
�ẑ��t; ξ���. Other statistical information, such as coskewness and
cokurtosis, can be determined similarly [41].

B. Pointwise Sensitivity Analysis

Recall the tuple j defined in Sec. III.D. Now, define J a as the set
of j such that only the entries a � fi1; : : : ; isg are nonzero:

J a � fjjjk � 0⟺ k ∈= ag (44)

From Table 1, each tuple j corresponds to a single-index j 0 (i.e.,
j�̂j 0) according to the GLO scheme. Thus, the pointwise-in-time
gPC-based SOBOL

′–SUDRET sensitivity indices [42] are

SUa
�t� �

j∈Ja
j�̂j 0

Mẑj 0 ;j 0Zj 0 �t�Z⊤
j 0 �t�∕σ2�ẑ��t; ξ�� (45)

The sensitivity indices of a single parameter (e.g., SU1
; SU2

, etc.) are

referred to as main effects. Indices involving multiple parameters
(e.g., SU1;2

; SU2;3
, etc.) are known as interaction effects. Let #a be the

cardinality of a. Note that a direct result of the construction of
the gPC basis functions [Eq. (28)] is that p ≥ #a. In other words, the
number of interactions (pairwise, triplewise, etc.) able to be evalu-
ated is dictated by the expansion order. This can be seen in the
example GLO scheme shown in Table 1. Define SU as the set of all
main and interaction effects:

SU � fSUa
�t�ja � fi1; : : : ; isg ⊆ f1; : : : ; nξgg (46)

The total effect (e.g., SUtot
1
; SUtot

2
) is the sum of the main effect and all

interaction effects associated with a given parameter:

SUtot
b
�t� �

fSUa �t�∈SUjb∈ag
SUa

�t� (47)

These pointwise sensitivities are useful for conducting SA close to a
specific time of interest; however, they ignore temporal correlations,

which may be significant in time-dependent processes such as wind
estimation [43]. Alternatively, evaluating cumulative effects can pro-
vide additional insight as to which parameters are most significant.

C. Cumulative Sensitivity Analysis

The cumulative-over-time gPC-based SOBOL
′–SUDRET–Alexander-

ian sensitivity indices [43] are

SAa
�T� �

j∈Ja
j�̂j 0

T

0

Mẑj 0 ;j 0Zj 0 �t�Z⊤
j 0 �t� dt

T

0

σ2�ẑ��t; ξ�� dt
(48)

By examining Eqs. (45) and (48), we can see that the cumulative
indices include an integral effect in the numerator and denominator
that is not present in the pointwise indices. In this way, a parameter
that has a small yet constant effect on the output can be compared to
a parameter that has a larger but momentary effect. Methods such as
windowing [44] can also be used to compute limited-memory
sensitivities, but they are not pursued in this study.
As before, define SA as the set of all main and interaction

cumulative indices:

SA � fSAa
�T�ja � fi1; : : : ; isg ⊆ f1; : : : ; nξgg (49)

Thus

SAtot
b
�T� �

fSAa �T�∈SAjb∈ag
SAa

�T� (50)

For completeness, summing all the main and interaction effects,
pointwise or cumulative, recovers the total variance

σ2�ẑ��t; ξ�� �
fSUa �t�∈SUg

SUa
�t� �

fSAa �T�∈SAg
SAa

�T� (51)

V. Sensitivity-Informed Variable Reduction

This section describes a sensitivity-informed reduction of the gen-
eralized polynomial chaos expansion that limits the number of retained
random variables and interaction terms to reduce computational cost.
Full characterization of all interaction effects among the random

variables would require p ≥ nξ. Recalling Eq. (32), for a large
number of variables, the computation of gPC quickly becomes
intractable. Alternatively, we can use the information obtained from
the sensitivity indices to systematically reduce the number of random
variables that are carried from one gPCE order to the next. This
avoids unnecessary computation of insignificant interaction effects
or higher-order expansions for variables well described by a low-
order expansion. The choice of variables to retain may be based on a
predefined threshold [44], convergence to a final value [42], an
ordered ranking that is limited based on computation time, or another
criterion. Then, a first-order gPCE is performed to obtain an initial
estimate of the main effect indices to decide which variable to retain.
Next, a second-order expansion involving the retained variables is
conducted to refine their main effect indices and obtain pairwise
interactions. This process is repeated until all criteria have been
satisfied. We call this approach reduced generalized polynomial
chaos (gPCr). Although variable reduction is not necessary for
gPC UQ [45] or SA, it will be shown in Sec. VII that the number
of expansion factors, and therefore the computational burden, can be
greatly reduced while achieving accurate UQ results.
Let inξ ≤ nξ be the number of random variables retained in the ith

gPCE. Following the process described in Sec. III.D, the multivari-

ate basis functions are constructed using only the inξ variables for
each expansion order:

ϕ 0
j�ξ� � ϕj1�ξ1� : : :ϕjinξ

�ξinξ �; 0 ≤ jjj ≤ p; 0 ≤ i ≤ p (52)

The remaining steps to achieve a deterministic gPC system are
unchanged. The number of expansion factors resulting from this
reduction method N 0

p is given by
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N 0
p � 1�

p

i�1

�inξ � i�!
�inξ�!�i�!

−
�inξ � i − 1�!
�inξ�!�i − 1�! ≤ Np (53)

An example of this variable reduction method is provided in

Algorithm 1.

VI. Multivariate Uncertainty Quantification and
Sensitivity Analysis from Flight-Test Data

A. Research Aircraft

The research aircraft used in this study is the My Twin Dream

(MTD), shown in Fig. 2, manufactured by MyFlyDream. It is a

radio-controlled foam aircraft with counter-rotating twin electric

motors and APC propellers measuring 10 in. in diameter with a 6

in. pitch. The aircraft was instrumented with a CubePilot Cube

Orange flight computer running PX4 firmware. The sensors

onboard the aircraft include triple-redundant accelerometers and

gyroscopes, two magnetometers, a real-time kinematic GPS

receiver, and a vaned air data unit (ADU) for wind estimate vali-

dation. The MTD was chosen for its simple construction, propeller

location (to accommodate the air data boom), and endurance of

approximately 25 min. The MTD physical properties are listed in

Table 2.

The aerodynamic force and moment coefficients in Eq. (10) are

taken from reproduced in Table A1 in Appendix A, along with their

associated mean μ, standard deviation σ, and coefficient of variation
(CV) [46]. The propulsion coefficient comes from a model based on

the wind tunnel data from [23].

The accelerometers, gyroscopes, magnetometers, and GPS feed

into an extended KALMAN filter as part of the PX4 firmware, from

which we used positionX, attitudeΘ, and angular velocityω, which
were provided along with their respective state estimate error var-

iances [47].

The wind estimates were compared with reconstructed wind data

from a vaned ADU mounted on the nose of the aircraft (Fig. 2).

This sensor was developed, manufactured, and calibrated by the

Nonlinear Systems Laboratory at the Virginia Tech [26,27]. It

consists of two 3D-printed vanes attached to magnetic rotary

encoders and a 3D-printed Kiel probe connected to a MS5525DSO¶

pressure sensor. The pulse-width modulation rotary encoders are

read at a sample rate of 200 Hz by a microcontroller that com-

municates with the flight computer over the Controller Area

Network (CAN) bus via a custom PX4 driver. The pressure sensor

is natively supported by PX4 and configured to log calibrated

airspeed data at 10 Hz.
Let V, α, and βf be the airspeed, angle of attack, and flank angle

reported by the ADU, respectively. By using GPS velocity mea-

surements vi (accuracy of 0.05 m/s), autopilot attitude estimates

(with quaternion estimate standard deviations ≈10−3), and angular

velocity measurements from the calibrated gyroscope (noise and

bias removed), the wind velocity may be reconstructed as

w � vi −RIB�vADU − ω × rADU� (54)

where

vADU � RBW�α; β�e1Vr

Here, vADU is the air-relative velocity at the geometric center of

the ADU vanes, whose position in the body frame is denoted

rADU. The rotation matrix RBW�α; β� � e−�e2×�αe�e3×�β, which maps

free vectors from the wind frame to the body frame, is parame-

terized by the measured angle of attack α and the sideslip angle

β � tan−1�tan�βf� cos�α��. The accuracy of the reconstructed

wind data can be characterized by propagating the measurement

uncertainty through Eq. (54). Because of the low error of the

constituent measurements, the reconstructed wind is treated as a

truth source for wind estimate validation. This ADU was validated

in the open-jet wind tunnel of the Aerospace and Ocean Engineer-

ing Department at Virginia Tech, for both steady-state readings

and dynamic response. The airspeed-dependent cutoff frequencies

of the vanes were found to be greater than 16 Hz, well above the

fastest rigid-body modes, which determine an upper limit on the

dynamic response of model-based wind estimators.

B. Flight Test

A flight-test campaign was conducted on 28 September 2022 at

the Kentland Experimental Aerial Systems airfield of Virginia

Tech, using the UAS described in Sec. VI.A. Data were gathered

during four passes over the ground control station (runs 1–4, as

shown in Fig. 3) at 76 m (250 ft) above ground level when the

wind conditions at ground level were gusty. Gusty conditions

were chosen because the goal was to achieve accurate wind

estimates under any condition in which the UAS is able to fly.

Because we used an LTI model, we restricted the maneuver to

nominally steady flight, namely, straight-and-level unaccelerated

flight.

C. Methodology

The first step of conducting UQ and SA is to determine how the

uncertainty in the parameters of the nonlinear model, given in

Table A1 (Appendix A), maps to uncertainty in the entries of the

linear system matrices. This was done analytically according to

Sec. III.B. The resulting statistics for the A�χ � matrix entries are

presented in Table 3. Note that only the entries affected by changes

in aerodynamic parameters (i.e., dynamic states and derivatives) are

given. Next, to create the nominal Luenberger filter (denoted with

the subscript “nom”), the filter gain matrix Knom was found using a

deterministic method based on the nominal system, where

Anom � EξfA�ξ�g. For the results shown here, H∞ filtering, as

presented in [26,27], was used. Alternatively, another method such

as KALMAN–BUCY filtering could be used.
Next, we performed gPCE according to Sec. III.D. Although

there is no limit to the number of entries that can be included, the

computational burden of performing gPCE grows with Np

[Eq. (32)]. This is commonly referred to as the curse of dimension-

ality. Instead, we used the gPCr method described in Sec. V.

Because the distribution of each stochastic entry is GAUSSIAN, the

appropriate gPC polynomial basis is the family of HERMITE poly-

nomials [37], given by

Algorithm 1 Sensitivity-Informed Variable Reduction

1: Retention criterion 1: max�S□�T�� > C1

2: Retention criterion 2: Δ�max�S□�T��� > C2

3: procedure PERFORM GPCE USING nξ GERMS.

4: Expand system using all nξ germs.

5: Evaluate all main effect sensitivity indices using retention criterion 1.
6: Retain 2nξ germs associated with retention criterion 1.

7: end procedure

8: for 2 ≤ i ≤ p do

9: if inξ > 0 then

10: Expand system using all inξ germs.

11: Evaluate new sensitivity indices using retention criterion 1.
12: Evaluate updated sensitivity indices using retention criterion 2.
13: Retain �i�1�nξ germs associated with retention criterion 1 and 2.

14: else
15: break
16: end if
17: end for

¶Manufactured by TE Connectivity.
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Hen�ξ� � �−1�neξ2

2
dn

dξn
e
−ξ2
2 (55)

The first five HERMITE polynomials are

He0 � 1; He1 � ξ; He2 � ξ2 − 1; He3 � ξ3 − 3ξ;

He4 � ξ4 − 6ξ2 � 3 (56)

with the corresponding probability density function

φ�ξ� � 1

2π
p e−

ξ2

2 ;with support Ω � �−∞;∞� (57)

Recalling Sec. III.D, we are not constrained to an assumption of

normality to apply gPC. However, given the nature of the uncertain-

ties being considered, GAUSS–HERMITE polynomials are appropriate.

MC simulations were conducted, and gPC was performed to compare

the computational cost and accuracy of the two methods. For the

first-order expansion (p � 1) of gPCr, we retained all 14 entries

(1nξ � 14) given in Table 3. Subsequent expansions only retain

entries that meet a certain criterion, which is described in Sec. VII.

For the MC simulations, the filter gain matrix Knom did not change.

Only the state matrix changed to capture the uncertainty between the

“actual” aircraft dynamics and the “assumed” dynamics used in the

filter. The variation in the family of estimates {ŵN; ŵE; ŵD} in

Sec. VII is the result of the uncertainty in the state matrix, A�ξ�,
which was ignored in the design of the filter. Thus, the form of the

filter equations used for the MC simulations was

_̂xA�t; ξ� � AA�ξ�x̂A�t; ξ� � BAu�t� � Knom�yA�t� − CAx̂A�t; ξ��
(58a)

ẑ�t; ξ� � Lx̂A�t; ξ� (58b)

Because MC results are used as a baseline for evaluating the gPC

results, we must ensure that the MC simulations have converged,

Fig. 2 MTD aircraft.

Table 2 MTD properties

Property Symbols Values Units

Mass m 3.311 kg

Mean aerodynamic chord �c 0.254 m

Projected wingspan b 1.800 m

Wing planform area S 0.457 m2

Roll moment of inertia Ixx 0.319 kg⋅m2

Pitch moment of inertia Iyy 0.267 kg⋅m2

Yaw moment of inertia Izz 0.471 kg⋅m2

Product of inertia Ixz 0.024 kg⋅m2

Product of inertia Ixy; Iyz ≈0 kg⋅m2

Fig. 3 Runs 1–4 from the 28 September 2022 flight test campaign; the prevailing wind was out of the northwest during the test campaign.
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meaning that a sufficient number of simulations have been conducted
to accurately capture the uncertainty in the output. Using the variance
in the filter estimates as the quantity of interest, for the results
presented, we used a doubling scheme for the number of MC

simulations NMC and continued until the change in variance Δσ2MC

from NMC to 2NMC was less than a desired percentage (1% for the

results shown here). Because MC converges at a rate O�N−1∕2
MC � [48],

this double-and-check scheme was seen as a favorable method for
establishing the MC baseline.

VII. Results

The simulations presented in this section were performed in
MATLAB R2023b on a laptop with an AMD Ryzen 7 PRO
7840U CPU with eight physical cores and 64 GB of DDR5-6400
memory. The MC simulations were accomplished using MAT-
LAB’s parfor command,** and the gPC computations were
accomplished analytically using symbolic integration along with
parfor.
The results presented in this section are based on data from

run 1 of the flight tests described in Sec. VI.B. The MC simu-
lation convergence criterion Δσ2MC was chosen as 1%, which
required 255,000 simulations (NMC � 255;000). Figure 4 shows
all MC simulations of the nominal filter [Eq. (58)], allowing for
uncertainty in all 14 entries of A�ξ�. As can be seen, the north
component ŵN is the most affected by these uncertainties; that is,
it has the largest variance in estimates over time, followed by the
east component ŵE. This is expected because for run 1, the
aircraft flew a south-to-north course. Thus, the longitudinal
dynamics, which have dominant uncertainties (as will be shown
briefly), were used to resolve the north component of the wind.
Similar results were seen for run 2. Conversely, on runs 3 and 4,
the east component had the largest variance. The downward
component ŵD was much less affected. For reference, the actual
wind values (wN;wE;wD) measured by the ADU, as discussed in
Sec. VI.A, are also shown.
For gPCr, two criteria were used to determine which variables

to retain. The first criterion is that the maximum value of its
cumulative main or any interaction index is greater than 0.03:
max�SAa

�T�� > 0.03. The second criterion is that, for indices

greater than 0.03, the value of the index changes from one
expansion order to the next. Figures 5 and 6 show the time history
of the cumulative and pointwise indices, respectively. Because we
are interested in determining which key parameters contribute to

the wind estimate variance over time, we focus our analysis on the

cumulative indices. As an alternative, one may find it useful to use

the pointwise results to analyze local variations, such as those

shown around the 20 s mark in Fig. 6.

Table 3 Uncertain entries of linear A�χ � matrix

Axis of motion Derivatives State Matrix Variable Mean Standard deviation CV

(row) (col.) entry no. (μ) (σ) �σ∕jμj�
Longitudinal _ur�7� ur�7� A7;7 1 −0.197 0.090 0.46

_wr�9� ur�7� A9;7 2 −0.932 0.276 0.28

_q�11� ur�7� A11;7 3 �0.015 0.066 4.12

wr�9� A11;9 7 −2.416 0.147 0.06

q�11� A11;11 11 −9.684 0.233 0.02

Lateral–directional _vr�8� vr�8� A8;8 4 −0.708 0.200 0.28

p�10� A8;10 8 �0.474 0.207 0.44

r�12� A8;12 12 −19.64 0.847 0.04

_p�10� vr�8� A10;8 5 −0.997 0.133 0.13

p�10� A10;10 9 −11.27 1.194 0.11

r�12� A10;12 13 −0.177 0.043 0.24

_r�12� vr�8� A12;8 6 �1.767 0.440 0.25

p�10� A12;10 10 −0.574 0.061 0.10

r�12� A12;12 14 −2.352 0.573 0.24

Fig. 4 MC simulations of the nominal (nom) filter with uncertainty in
the longitudinal entries of A�χ �.

Fig. 5 Cumulative main effect sensitivity indices computed using first-
order gPCr with 1nξ � 14 for ŵN.

**https://www.mathworks.com/products/parallel-computing.html.
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From Fig. 5, we can clearly see four of the five variables (1, 2, 6,

and 14) that satisfied the first criterion. Variable 11 also satisfied the

criterion close to t � 0, but it decayed quickly. Nevertheless, we

retained this term for the next gPCr expansion. Table 4 shows the

results for the first-order and second-order gPCr expansions. In the

first row (p � 1), five variables satisfied the first criterion. Moving

to the second row (p � 2), we are now able to characterize inter-

action effects among two variables and refine the main effect

indices. Based on the first criterion, max�SAa
�T�� > 0.03, the inter-

action effects SA1;2
and SA6;14

are not significant. However, the

indices SA1
, SA2

, SA6
, and SA14

have all changed; therefore, we

retained these variables for the next expansion. On the other hand,

SA11
did not change from p � 1 to p � 2 and is also not part of a

significant interaction effect; therefore, we did not include this

variable in the next expansion. The final row (p � 3) of Table 4

shows that both criteria were satisfied. Therefore, there is no need to

perform an additional expansion.

Table 5 presents the times for the MC and gPCr to compute the

total variance, as well as the average and maximum error in

variance between the gPCr approximations and the MC baseline

data for ŵN. Error is defined as ϵ�σ2� � σ2MC − σ2PCE. It can be

seen that a second-order gPCr accurately captures the variance in

ŵN due to uncertainty inA�ξ�while achieving a 38% reduction in

computation time. The third-order gPCE requires significantly

more computation time for marginal improvements. Figure 7

shows that all three tested orders of gPCE can accurately track

the MC mean wind. This is expected because, recalling Eq. (42),

the mean wind is given by the zeroth gPC expansion coefficient

of each wind component.

Figure 8, in contrast, shows the improvement in variance tracking

as the gPCE order increases. The green curve, representing the

second-order gPCE, is obscured by the blue curve because their

values are nearly identical. In general, the rate of convergence of

gPCE orders is dictated by the compatibility of the random param-

eters with the chosen basis functions and whether the system

depends smoothly on the random parameters [37] (Chap. 3). For

the results presented here, the uncertainties in A�ξ� are well repre-
sented by HERMITE polynomials, and the filter equations smoothly

depend on A�ξ�. Thus, a second-order gPCr expansion is sufficient

for characterizing the total variance.

Table 6, however, shows the true advantage of using gPCr over

MC. Although a second-order gPCr expansion may be sufficient to

simply characterize the wind estimate variance, according to the

chosen criteria, a third-order expansion is necessary to conduct SA.

Fig. 6 Pointwise main effect sensitivity indices computed using first-
order gPC with 1nξ � 14 for ŵN.

Fig. 7 Mean wind velocities from MC of the nominal (nom) filter and
single runs of gPCr filters of different orders.

Table 4 Cumulative sensitivity indices computed using gPCr with nξ � 14 for ŵN

max�SAa
�T��

p inξ N 0
p SA1

SA2
SA6

SA11
SA14

SA•
SA1;2

SA6;14
SA•;•

SA•;•;•

1 14 15 0.922 0.084 0.898 0.096 0.486 <0.03 N/A N/A N/A N/A

2 5 30 0.899 0.099 0.901 0.096 0.484 a 0.020 0.026 ∼0 N/A

3 4 50 0.899 0.099 0.901 a 0.484 a 0.020 0.026 ∼0 ∼0

aVariables not included in gPC expansion.

Note: • All other indices that are not enumerated.

Table 5 Variance computation time and error for gPCr of increasing orders with nξ � 14

ϵ�σ2�ŵN��
Computation time [mm:ss] Average Maximum

Method Runs gPCr Simulation Total In m2∕s2 In % In m2∕s2 In %

Monte Carlo 255,000 N/A 10:57 10:57 — — — — — — — —

gPCr (p � 1; 1nξ � 14) 1 01:53 00:02 01:55 0.051 12.6 0.106 16.0

gPCr (p � 2; 2nξ � 5) 1 06:43 00:05 06:48 0.007 1.9 0.014 2.2

gPCr (p � 3; 3nξ � 4) 1 21:39 00:15 21:54 0.003 0.7 0.007 1.0
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Using MC to compute the main effect indices requires NMC�inξ �
2� simulations [43], as shown in the first row of Table 6. Computing

the interaction effects requires an additional NMC

inξ
i simulations,

as shown in the second and third rows. These indices are provided

by gPCr at no additional cost. Finally, the full gPC becomes

prohibitively computationally expensive after a second-order expan-

sion, further justifying a principled variable reduction method.

VIII. Conclusions

This paper presents the theory and process for obtaining a deter-

ministic system of equations from a stochastic system using gPC,

along with a systematic approach for reducing expansion variables

(gPCr). The concepts were applied to the model-based wind esti-

mation problem using measurements obtained from an unmanned

aircraft. The aim was to obtain a measure of the precision of these

wind estimates over time, given the known uncertainties in the

model parameters. Additionally, gPCr was used to identify the

critical sources of uncertainty via SA. For the multivariate case

presented here, gPCr showed computational advantages over MC

sampling-based methods. In practice, gPCr can be computed offline,

with the resulting system of equations applied in real-time applica-

tions, such as in synthetic air data systems or path planning algo-

rithms, which is not possible using MC. The deterministic system

that results from gPC/gPCr can be used for a number of control and

estimation [49] schemes. The methods presented here are extensible

to nonlinear systems [28] and interdependent uncertainties [50,51];

therefore, the applications of gPC are manifold.

Appendix A: Nonlinear Model Parameters

Table 6 Computation time and operations for cumulative
sensitivity indices (SAa

�T�) using gPCr, full gPC,

and MC for ŵN

Computation time [h:mm] Operationsa

p inξ Reduced gPC Full gPC MC N 0
p Np NMC

1 14 0:02 0:02 2∶58 14 14 ∼4 × 106

2 5 0:07 1∶52 4∶44 30 120 ∼7 × 106

3 4 0:22 67∶40 5∶28 50 680 ∼8 × 106

aNp and N 0
p are not equivalent to NMC, but they are provided for reference.

Fig. 8 Variance in ŵN calculated from MC of the nominal (nom) filter
and single runs of gPCr filters of different orders.

Table A1 Nonlinear model parameters

Axis of motion Coefficient Parameter (ϑi) Mean (μ�ϑi�) Standard deviation (σ�ϑi�)
CV

σ

jμj
Longitudinal CX CX0

�0.009 0.026 2.89

CXα
�0.282 0.001 0.01

CXα2
�3.173 0.119 0.04

CXδe
�0.051 0.025 0.49

CZ CZ0
−0.255 0.074 0.29

CZα
−4.436 0.015 0.00

CZq
−12.54 0.030 0.00

Cm Cm0
�0.008 0.006 0.75

Cmα
−0.444 0.027 0.06

Cmq
−14.02 0.336 0.02

Cmδe
−0.415 0.058 0.14

Lateral–directional CY CYβ
−0.410 0.115 0.28

CYp
�0.221 0.133 0.60

CYr
�0.230 0.547 2.38

CYδa
�0.118 0.011 0.09

CYδr
�0.136 0.030 0.22

Cl Clβ −0.035 0.004 0.11

Clp −0.386 0.041 0.11

Clδa
−0.137 0.010 0.07

Cn Cnβ �0.083 0.020 0.24

Cnr −0.119 0.029 0.24

Cnδa
�0.013 0.009 0.69

Cnδr
−0.068 0.006 0.09
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Appendix B: Resulting Normal Sum Equations

The following are normal sum theorem formulas for the model
parameters described in Sec. III.B. The resulting longitudinal entries
of A�χ � are

μ�A7;7��3.46μ�CT��3.46μ�CX0
��0.011μ�CXα

��0.043μ�CXδe
�

μ�A9;7��3.46μ�Cz0 ��0.011μ�Czα �
μ�A11;7��10.9μ�Cm0

��0.035μ�Cmα
��0.134μ�Cmδe

�
μ�A11;9��0.071μ�Cm0

��5.44μ�Cmα
��0.001μ�Cmδe

�
μ�A11;11��0.691μ�Cmq

�

σ2�A7;7� � �3.46σ�CT��2 � �3.46σ�CX0
��2 � �0.011σ�CXα

��2
� �0.043σ�CXδe

��2

σ2�A9;7� � �3.46σ�Cz0 ��2 � �0.011σ�Czα��2
σ2�A11;7� � �10.9σ�Cm0

��2 � �0.035σ�Cmα
��2 � �0.134σ�Cmδe

��2

σ2�A11;9� � �0.071σ�Cm0
��2 � �5.44σ�Cmα

��2 � �0.001σ�Cmδe
��2

σ2�A11;11� � �0.691σ�Cmq
��2

Likewise, the lateral–directional entries of A�χ � are

μ�A8;8� � 1.73μ�CYβ
�; σ2�A8;8� � �1.73σ�CYβ

��2

μ�A8;10� � 1.56μ�CYp
�; σ2�A8;10� � �1.56σ�CYp

��2

μ�A8;12� � 1.56μ�CYr
�; σ2�A8;12� � �1.56σ�CYr

��2

μ�A10;8� � 32.4μ�Clβ � � 1.65μ�Cnβ �; σ2�A10;8� � �32.4σ�Clβ ��2
��1.65σ�Cnβ ��2

μ�A10;10� � 29.2μ�Clp�; σ2�A10;10� � �29.2σ�Clp��2

μ�A10;12� � 1.49μ�Cnr �; σ2�A10;12� � �1.49σ�Cnr��2

μ�A12;8� � 1.65μ�Clβ � � 22.0μ�Cnβ �; σ2�A12;8� � �1.65σ�Clβ ��2
��22.0σ�Cnβ ��2

μ�A12;10� � 1.49μ�Clp�; σ2�A12;10� � �1.49σ�Clp��2

μ�A12;12� � 19.8μ�Cnr �; σ2�A12;12� � �19.8σ�Cnr��2
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