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Indirect wind estimation onboard unmanned aerial systems (UASs) can be accomplished
using existing air vehicle sensors along with a dynamic model of the UAS augmented with
additional wind-related states. While many estimation approaches achieve desirable accuracy
under the assumption of known system parameters, reducing the effect of parametric uncertainty
on wind estimate precision is desirable and has not been thoroughly investigated. This paper
describes the theory and process for using generalized polynomial chaos (gPC) to re-cast the
dynamics of a system with non-deterministic parameters as a deterministic system. The concepts
are applied to the problem of wind estimation and improving the precision of wind estimates
over time due to known parametric uncertainties. In the multivariate case presented, a gPC
H-infinity (𝐻∞) filter shows superiority over a nominal 𝐻∞ filter in terms of variance in estimates
due to model parametric uncertainty. The error due to parametric uncertainty, as characterized
by the variance in estimates from the mean, is reduced by an average of ∼25%.

I. Introduction

As explained in Part 1 of this two part series [1], wind estimation from air vehicle motion is useful for many reasons,
including weather forecasting and air traffic management [2]. The ability to estimate wind indirectly (i.e. without

specialized instrumentation) is of particular interest due to the increasing ubiquity of small unmanned aerial systems
(UASs) [3] and the unobtrusive/low-cost nature of using operational sensors (e.g. air vehicle GPS, accelerometers, and
gyroscopes). A common goal is to extract a mean component of the wind from higher frequency fluctuations (gusts
or atmospheric turbulence). For example the United States’ Automated Surface Observation System (ASOS), which
provides crucial meteorological data to the National Weather Service (NWS), the Federal Aviation Administration
(FAA), and the Department of Defense (DOD), reports averaged winds from higher frequency measurements [4].

Generally, estimation methods can be grouped into two major categories: model-based and model-free. Model-based
estimation requires accurate aerodynamic and propulsive (aero-propulsive) models of the aircraft to generate state and
wind estimates [5, 6]. Model-based methods are popular because they do not require direct measurement of the wind,
such as with a pitot tube [7], and are thus readily applied to UASs. Present literature, however, often does not address
the uncertainty in wind estimates due to uncertainties in the aircraft model.

Uncertainty refers to how imperfect knowledge is manifested in a system or process model [8]. Uncertainty
quantification (UQ) is an estimation of the confidence in the output of that model [9]. Sources of uncertainty can
generally be categorized as either aleatory uncertainty, which is inherent (irreducible) randomness in a system or
process, or epistemic uncertainty, which is incomplete or inexact (reducible) encoding of the physical system or process
to the model [10].

In Part 1, we presented the use of generalized Polynomial Chaos (gPC) to analyze the uncertainty in wind estimates
due to aleatory uncertainty for any deterministic filtering method [1]. This work, however, presents a method of
combining H-infinity (𝐻∞) filtering [11, 12] and gPC [13] to reduce the effect of aleatory uncertainty on wind estimates.
Together, Parts 1 [1] and 2 demonstrate the utility and versatility of gPC in characterizing and mitigating uncertainty.

In Section II, we present the aircraft motion model upon which we develop the state estimator. In Section III we
develop the methods for analyzing the uncertainty in wind estimates. Note that while much of Sections II and III are a
review of Part 1, there are key differences which are necessary for the work presented here. The theory and steps involved
in applying 𝐻∞ filtering are given in Section IV. Section V presents an example using flight test data and multivariate
uncertainty. In Section VI, we present the results and analysis. Lastly, in Section VII we present conclusions.
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II. Aircraft Motion in Wind

A. Wind Field
Consider an aircraft in a wind velocity field, 𝑾, that varies in space and time. At an instant of time, the wind velocity

that would exist at the aircraft center of gravity (CG) if the aircraft were absent, the apparent wind, is

𝒘(𝑡) = 𝑾 (𝑿 (𝑡), 𝑡) (1)

where 𝑿 = [𝑋𝑁 𝑋𝐸 𝑋𝐷]T is the north-east-down position of the aircraft CG in an orthonormal Earth-fixed inertial
reference frame FI, defined by unit vectors {𝒊1, 𝒊2, 𝒊3}. The total time derivative of the apparent wind is

d𝒘
dt

=
𝜕𝑾 (𝑿, 𝑡)

𝜕𝑡
+ 𝜕𝑾 (𝑿, 𝑡)

𝜕𝑿

d𝑿
d𝑡

(2)

Adopting the standard overdot notation for the total time derivative we have

¤𝒘 =
𝜕𝑾

𝜕𝑡
+ 𝜕𝑾

𝜕𝑿
¤𝑿 (3)

Depending on the context, we adopt one of the following two assumptions about the dynamics of the wind field.

Assumption 1
(a) The wind field evolves slowly compared to the aircraft velocity and is thus considered frozen, consistent with

Taylor’s hypothesis [14], such that 𝜕𝑾
𝜕𝑡

= 0.
(b) The variation of the wind field with position is negligible such that 𝜕𝑾

𝜕𝑿 = 0.

The above assumption leads to the conclusion that ¤𝒘 = 0 and the air relative angular velocity is equal to the vehicle
angular velocity. This assumption, which is consistent with [2, 15], could be relaxed but it simplifies the results presented
here.

Assumption 1 may seem incompatible with the motivating challenge of estimating variations in the wind velocity.
However, the assumption of a uniform wind field does not impede the model-based filter from adjusting wind velocity
estimates based on measurements.

Assumption 2 The wind is a superposition of a bulk flow velocity (constant or slowly varying), 𝒘, and a higher
frequency, finite-energy disturbance (gusts or turbulence), 𝛿𝒘, so that:

𝒘(𝑡) = 𝒘(𝑡) + 𝜹𝒘(𝑡) (4)

Eq. (4) is known as a Reynolds decomposition [16] of the wind.

B. Nonlinear Equations for Fixed-Wing Aircraft Motion in Wind
Having discussed the dynamics of the wind field in Section II.A, we now briefly present the equations of motion for

a fixed-wing aircraft in wind. The reader is directed to [17] and [18] for a full treatment of the derivation. We begin
by defining the aircraft body reference frame, FB, defined by orthonormal vectors {𝒃1, 𝒃2, 𝒃3} originating at the CG,
where 𝒃1 points forward, 𝒃2 points out the right wing, and 𝒃3 completes the right-hand rule. The transformation from
FB to FI is given by the rotation matrix

𝑹IB (𝚯) = 𝑒 [𝒆3×]𝜓𝑒 [𝒆2×] 𝜃𝑒 [𝒆1×]𝜙 (5)

where 𝚯 = [𝜙 𝜃 𝜓]T are the aircraft Euler angles, 𝒆1 = [1 0 0]T, etc., and [(·)×] is the skew-symmetric cross product
equivalent matrix satisfying [𝒂×]𝒃 = 𝒂× 𝒃 for 3-vectors 𝒂 and 𝒃. Note that 𝑹BI (𝚯) := 𝑹−1

IB (𝚯) = 𝑹T
IB (𝚯). The aircraft

kinematics are given by
¤𝑿 = 𝑹IB (𝚯)𝒗 (6)

¤𝑹IB (𝚯) = 𝑹IB (𝚯) [𝝎×] (7)

where 𝒗 = [𝑢 𝑣 𝑤]T is the velocity with respect to the inertial frame, given in the body frame, and 𝝎 = [𝑝 𝑞 𝑟]T is the
angular velocity with respect to the inertial frame, expressed in the body frame. The matrix differential equation (7)
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holds independently of any attitude parameterization, but expanding the equation as written, with 𝑹IB as given in (5),
yields the three conventional Euler angle rate equations:

¤𝚯 = 𝑳IB (𝚯)𝝎 =


1 sin 𝜙 tan 𝜃 cos 𝜙 tan 𝜃
0 cos 𝜙 − sin 𝜙
0 sin 𝜙 sec 𝜃 cos 𝜙 sec 𝜃



𝑝

𝑞

𝑟

 (8)

As in [19] we make the assertion that the aerodynamic forces, 𝑭, and moments, 𝑴, depend on the velocity of the aircraft
relative to the wind. For simplicity, we neglect any dependence of 𝑭 and 𝑴 on translational acceleration, such as the
plunge acceleration ( ¤𝑤) dependence that often appears in fixed-wing flight dynamic models. Let

𝒗r = 𝒗 − 𝑹BI (𝚯)𝒘 (9)

where 𝒗r = [𝑢r 𝑣r 𝑤r]T is the velocity of the body’s center of mass with respect to the wind, given in the body frame.
Eq. (9) is known as the wind triangle. From Assumption 1, the air-relative angular velocity of the aircraft is equal to the
total angular velocity, 𝝎. Therefore, the aerodynamic force 𝑭 = [𝑋,𝑌, 𝑍]𝑇 and moment 𝑴 = [𝐿, 𝑀, 𝑁]𝑇 have the
general dependence

𝑭 = 𝑭(𝒗r,𝝎, 𝒖), 𝑴 = 𝑴 (𝒗r,𝝎, 𝒖) (10)
where the input 𝒖 = [𝛿𝑇 𝛿𝑎 𝛿𝑒 𝛿r]T comprises the throttle, aileron, elevator, and rudder control inputs. We use an
aerodynamic model from [20] with non-dimensional coefficients of the form

𝐶𝑋 = 𝑋 (𝑞𝑆)−1 = 𝐶𝑋𝑜
+ 𝐶𝑋𝛼

𝛼 + 𝐶𝑋
𝛼2𝛼

2 + 𝐶𝑋𝛿e 𝛿e + 𝐶𝑇𝛿𝑇 (11a)

𝐶𝑍 = 𝑍 (𝑞𝑆)−1 = 𝐶𝑍𝑜
+ 𝐶𝑍𝛼

𝛼 + 𝐶𝑍𝑞
𝑞 (11b)

𝐶𝑚 = 𝑀 (𝑞𝑆𝑐)−1 = 𝐶𝑚𝑜
+ 𝐶𝑚𝛼

𝛼 + 𝐶𝑚𝑞
𝑞 + 𝐶𝑚𝛿e 𝛿e (11c)

𝐶𝑌 = 𝑌 (𝑞𝑆)−1 = 𝐶𝑌𝛽 𝛽 + 𝐶𝑌𝑝
𝑝 + 𝐶𝑌𝑟 𝑟 + 𝐶𝑌𝛿a 𝛿a + 𝐶𝑌𝛿r 𝛿r (11d)

𝐶𝑙 = 𝐿 (𝑞𝑆𝑏)−1 = 𝐶𝑙𝛽 𝛽 + 𝐶𝑙𝑝 𝑝 + 𝐶𝑙𝛿a 𝛿a (11e)

𝐶𝑛 = 𝑁 (𝑞𝑆𝑏)−1 = 𝐶𝑛𝛽 𝛽 + 𝐶𝑛𝑟 𝑟 + 𝐶𝑛𝛿a 𝛿a + 𝐶𝑛𝛿r 𝛿r (11f)

where the propulsion coefficient, 𝐶𝑇 , is modeled using information from [21]. Here 𝑞 is dynamic pressure, 𝑆 is the wing
planform area, 𝑐 is mean aerodynamic chord, and 𝑏 is wing span. Note that, in this section, the overhats ( ˆ ) indicate
nondimensional angular rates. In an abuse of notation, this symbol will later be used to denote estimates; the distinction
will be clear from context. Here the angle-of-attack, 𝛼, and angle-of-sideslip, 𝛽, define the transformation between the
body and wind-relative frames with

𝛼 = tan−1
(
𝑤r
𝑢r

)
and 𝛽 = sin−1

(
𝑣r
𝑉r

)
(12)

where 𝑉r = ∥𝒗r∥. Thus, the well established nonlinear equations of motion [17, 22], adapted for the assumed wind field,
are

¤𝑿 = 𝑹IB (𝚯)𝒗r + 𝒘 (13a)
¤𝚯 = 𝑳IB (𝚯)𝝎 (13b)

¤𝒗r = 𝒗r × 𝝎 + 𝑔𝑹BI (𝚯)𝒆3 +
1
𝑚
𝑭(𝒗r,𝝎, 𝒖) (13c)

¤𝝎 = 𝑰−1 (𝑰𝝎 × 𝝎) + 𝑰−1𝑴 (𝒗r,𝝎, 𝒖) (13d)

where 𝑰 is the aircraft moment of inertia tensor defined at the CG in F𝐵. At last, we define the aircraft state and
measurement equations

¤𝒙 = 𝒇 (𝒙, 𝒖, 𝒘) (14a)
𝒚 = 𝒉(𝒙, 𝒖) (14b)

where the state, input, and wind vectors are

𝒙 =

[
𝑿T 𝚯T 𝒗T

r 𝝎T
]T

, 𝒖 =

[
𝛿𝑇 𝛿𝑎 𝛿𝑒 𝛿r

]T
, 𝒘 =

[
𝑤𝑁 𝑤𝐸 𝑤𝐷

]T
(15)

where the subscripts 𝑁 , 𝐸 , and 𝐷 are north, east, and down, respectively. We will now present the linearized equations
of motion for the aircraft in a wind field.
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C. Linear, Small Perturbation Equations for Fixed-Wing Aircraft Motion in Wind
For the purpose of estimating the wind, it is assumed that the aircraft state of motion remains in the neighborhood

of a nominal, equilibrium flight condition over a desired time or distance. This nominal flight condition is defined
with regard to the mean wind field. The mean wind field is assumed to be steady and uniform. We let the subscript
eq = {(𝒙e, 𝒖e, 𝒘e) | 𝒙e = 𝒖e = 𝒘e = 0} denote the state and control variables and the mean wind velocity corresponding
to a given, equilibrium flight condition (e.g., straight and level cruise in still air). Having defined a nominal, equilibrium
state of motion, and assuming that the flight dynamic model is exact, any perturbations from the equilibrium flight
condition that are not attributed to the initial state or control inputs can be ascribed to the wind disturbance.

To prepare for the formulation of a state estimator it is necessary to develop a linear time-invariant (LTI) model from
the equations of motion given in Section II.B. Define

𝑨 =
𝜕 𝒇

𝜕𝒙

����
eq

𝑩 =
𝜕 𝒇

𝜕𝒖

����
eq

𝚷 =
𝜕 𝒇

𝜕𝒘

����
eq

(16)

Linearizing the time-invariant system (13) about the equilibrium flight condition gives the LTI system

Δ ¤𝒙(𝑡) = 𝑨Δ𝒙(𝑡) + 𝑩Δ𝒖(𝑡) +𝚷Δ𝒘(𝑡), Δ𝒙(0) = Δ𝒙0 (17a)
𝒚(𝑡) = 𝑪Δ𝒙(𝑡) + 𝑫Δ𝒖(𝑡) + 𝚲𝝂(𝑡) (17b)

where Δ𝒙 ∈ R𝑛𝑥 , Δ𝒖 ∈ R𝑛𝑢 , and Δ𝒘 ∈ R𝑛𝑤 are perturbations from the equilibrium state, control, and wind vectors,
and 𝝂 ∈ R𝑛𝜈 is measurement noise. Note that while the position and heading variables in 𝒙e depend on time, they are
ignorable coordinates in the dynamic equations and the resulting small perturbation model is LTI. For brevity, we will
drop the Δ notation.

D. Low-pass Filter
As motivated in Section I, and detailed in [12, 23], we often wish to estimate the mean wind in the presence of

disturbances. Thus, recalling from Assumption 3 that 𝒘 = 𝒘 + 𝜹𝒘, we can design a low-pass filter to isolate the wind
fluctuations of interest, given by the transfer function 𝑯𝒘 (𝑠) such that

𝒘(𝑠) := 𝑯𝒘 (𝑠)𝒘(𝑠) (18)

Suppose Eq. (18) has the state-space realization

¤𝜻 (𝑡) = 𝑨𝒘𝜻 (𝑡) + 𝑩𝒘𝒘(𝑡) (19a)
= 𝑨𝒘𝜻 (𝑡) + 𝑩𝒘 (𝒘(𝑡) + 𝜹𝒘(𝑡)) (19b)

𝒘(𝑡) = 𝑪𝒘𝜻 (𝑡) (19c)

where 𝜻 is an intermediate state in the map from the wind input to the output of interest, 𝒘. We can now augment the
system in Eq. (17) to obtain the system

¤𝒙𝐴(𝑡) =
[
𝑨 𝚷𝑪𝒘

0 𝑨𝒘 + 𝑩𝒘𝑪𝒘

]
︸                   ︷︷                   ︸

𝑨𝐴

𝒙𝑨(𝑡) +
[
𝑩

0

]
︸︷︷︸
𝑩𝐴

𝒖(𝑡) +
[
𝚷

𝑩𝒘

]
︸︷︷︸
𝚷𝐴

𝜹𝒘(𝑡), 𝒙𝐴(0) = 𝒙𝐴0 (20a)

𝒚𝐴(𝑡) =
[
𝑪 0

]
︸  ︷︷  ︸

𝑪𝐴

𝒙𝐴(𝑡) + 𝑫𝒖(𝑡) + 𝚲𝝂(𝑡) (20b)
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where the augmented state is 𝒙𝐴 =
[
𝒙T 𝜻T]T. The exogenous inputs to Eq. (20) are grouped as 𝜼 :=

[
𝛿𝒘T 𝝂T]T, so that

¤𝒙𝐴(𝑡) = 𝑨𝐴𝒙𝑨(𝑡) + 𝑩𝐴𝒖(𝑡) +
[
𝚷 0
𝑩𝒘 0

]
︸     ︷︷     ︸

𝑮

𝜼(𝑡) (21a)

𝒚𝐴(𝑡) = 𝑪𝐴𝒙𝐴(𝑡) + 𝑫𝒖(𝑡) +
[
0 𝚲

]
︸  ︷︷  ︸

𝑭

𝜼(𝑡) (21b)

𝒛(𝑡) =
[
𝑳𝒙 0
0 𝑪𝒘

]
︸       ︷︷       ︸

𝑳

𝒙𝐴(𝑡) (21c)

where 𝒛 are the outputs of interest when designing a filter that minimizes the worst-case effect of the exogenous
disturbances, as will be shown presently.

III. Wind Estimation and Uncertainty
As described in Section II, a typical process for developing the linear aircraft model needed for wind estimation

is to first postulate a nonlinear model structure, then identify the model parameters from experimentation, and lastly
linearize about a desired condition. During the system identification process parametric uncertainty can largely be
viewed as epistemic. That is, by gathering additional data or considering different model structures, with additional time
and effort we could reduce the model uncertainty. Commonly used system identification processes [24, Ch. 6] aim at
determining a model structure and model parameters for which the model prediction error is purely random. This purely
random error is typically attributed to random disturbances and measurement noise in the output data used for model
identification, but a direct consequence is a non-deterministic model in which the model parameters are described by
probability distributions (e.g., mean and variance). For this reason, we consider the parameter uncertainty to be well
described as aleatory.

This section describes the process of using gPC to reduce the effect of aleatory uncertainty in the aircraft model on
wind estimates.

A. Mapping from Nonlinear Uncertainty to Linear Uncertainty
We first note that the nonlinear equations 𝒇 can be separated into kinematic and dynamic equations, 𝒇 = [ 𝒇 T

k 𝒇 T
d ]

T

respectively. In this work we seek to address the uncertainty in the dynamic equations, 𝒇d, that arises from the
aerodynamic parameters (𝝑 ∈ R𝑚) given in Table 5. The aerodynamic model (Eq. (11) is linear in its parameters. This
is a common choice of model structure [24, Ch. 4]. Thus, the dynamic equations can be further separated into parts
independent of and dependent upon 𝝑:

𝒇d (𝒙, 𝒖, 𝝑) = 𝒇 d (𝒙, 𝒖) +
𝑚∑︁
𝑖=1

𝒈𝑖 (𝒙, 𝒖)𝜗𝑖 (22)

We can similarly separate 𝑨, 𝑩, and 𝚷 into kinematic and dynamic components:

𝑨 =

[
𝑨k

𝑨d

]
, 𝑩 =

[
𝑩𝑘

𝑩d

]
, 𝚷 =

[
𝚷k

𝚷d

]
(23)

Then, from Eqs. (16) and (22), the elements of 𝑨d are

𝐴d𝑝,𝑞
=

𝜕 𝑓 d𝑝

𝜕𝑥𝑞

�����
eq

+
𝑚∑︁
𝑖=1

𝜕𝑔𝑖, 𝑝

𝜕𝑥𝑞

�����
eq

𝜗𝑖 (24)

The elements of 𝑩d and 𝚷d are found similarly. Equation (24) gives an expression for how uncertainty in the nonlinear
model parameters maps to uncertainty in the linear system. To simplify the presentation of gPC, in this work we make
the following common assumption [25–27]:
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Assumption 3 The nonlinear model parameters are statistically independent [28].

Under Assumption 3 we can use Eq. (24), along with knowledge of the nature of the uncertainty of the nonlinear model
parameters, to determine the nature of the linear model uncertainties. Referring again to Table 5, the result of the system
identification method used to find the nonlinear model parameters [20] is that 𝜗𝑖 ∼ N(𝜇𝑖 , 𝜎2

𝑖
). Thus, we can apply the

normal sum theorem [28] to get

𝜇(𝐴d𝑝,𝑞
) =

𝜕 𝑓 d𝑝

𝜕𝑥𝑞

�����
eq

+
𝑚∑︁
𝑖=1

𝜕𝑔𝑖, 𝑝

𝜕𝑥𝑞

�����
eq

𝜇(𝜗𝑖) (25)

𝜎2 (𝐴d𝑝,𝑞
) =

𝑚∑︁
𝑖=1

(
𝜕𝑔𝑖, 𝑝

𝜕𝑥𝑞

�����
eq

𝜎(𝜗𝑖)
)2

(26)

We now have

𝑨(𝝃) =
[

𝑨k

𝑨d (𝝃)

]
(27)

where 𝝃 ∈ R𝑛𝜉 is the vector of random parameters for the linear system. Following similar process we can find 𝑩(𝝃)
and 𝚷(𝝃).

B. Uncertain Augmented System
Consider the uncertain form of the augmented system equations

¤𝒙𝐴(𝑡, 𝝃) = 𝑨𝐴(𝝃)𝒙𝐴(𝑡, 𝝃) + 𝑩𝐴(𝝃)𝒖(𝑡) + 𝑮𝜼(𝑡) (28a)
𝒚𝐴(𝑡, 𝝃) = 𝑪𝐴𝒙𝐴(𝑡, 𝝃) + 𝑫𝒖(𝑡) + 𝑭𝜼(𝑡) (28b)
𝒛(𝑡, 𝝃) = 𝑳𝒙𝐴(𝑡, 𝝃) (28c)

Note that, in general, 𝑨𝐴 and 𝑩𝐴 are functions of 𝝃 due to uncertainty in 𝑨 and 𝑩 (the low-pass filter internal to 𝑨𝐴 is
deterministic). Thus 𝒙𝐴, 𝒚𝐴, and 𝒛 are stochastic. The matrices 𝑮, 𝑪𝐴, 𝑫, 𝑭, and 𝑳 are deterministic. Specifically,
𝑪𝐴 and 𝑫 are determined by available measurements, 𝑳 defines desired estimates, and 𝑮 and 𝑭 are given by a known
or assumed mapping of noise to the dynamics and measurements, respectively.

For these stochastic LTI equations we will use gPC to perform generalized polynomial chaos expansion (gPCE)
which results in a deterministic system of equations. We will then use the resulting gPC system to characterize
uncertainty in the wind estimates.

C. Generalized Polynomial Chaos
Let us define a tuple 𝒋 = ( 𝑗1, . . . , 𝑗𝑛𝜉

) ∈ N𝑛𝜉

0
∗ with | 𝒋 | = 𝑗1 + · · · + 𝑗𝑛𝜉

denoting the total degree of 𝒋 [29]. We can
construct multivariate gPC basis functions as products of univariate gPC polynomials according to the Weiner-Askey
scheme [30]; i.e.,

𝜙 𝒋 (𝝃) = 𝜙 𝑗1 (𝜉1) . . . 𝜙 𝑗𝑛𝜉
(𝜉𝑛𝜉

), 0 ≤ | 𝒋 | ≤ ∞ (29)

From [31], a second-order random process (i.e., finite variance) can be represented as a gPCE. Thus, for a function
𝜓(𝝃) : R𝑛𝜉 → R

𝜓(𝝃) =
∞∑︁

| 𝒋 |=0
𝜓 𝒋𝜙 𝒋 (𝝃) (30)

where {𝜓 𝒋} are the expansion coefficients. This expansion converges in the L2 sense [31, 32]. Fundamental to the concept
of gPCE is the orthogonality of basis functions with respect to the distribution 𝜑(𝝃) of 𝝃, where 𝜑(𝝃) = Π

𝑛𝜉

𝑘=1𝜑𝑘 (𝜉𝑘).
∗N0 are the natural numbers including 0
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That is 〈
𝜙 𝒋 (𝝃), 𝜙𝒌 (𝝃)

〉
:=

∫
𝛀
𝜙 𝒋 (𝝃)𝜙𝒌 (𝝃)𝜑(𝝃)d𝝃 (31a)

= E𝜉 {𝜙 𝒋 (𝝃)𝜙𝒌 (𝝃)} (31b)

=

{〈
𝜙 𝒋 (𝝃), 𝜙 𝒋 (𝝃)

〉
, if 𝒋 = 𝒌

0, if 𝒋 ≠ 𝒌
(31c)

where 𝛀 is the support of 𝜑(𝝃) given by 𝛀 = Ω1 × · · · × Ω𝑛𝜉
[30]. In practice it is not feasible to perform an exact

gPCE, as this requires an infinite number of basis functions. Instead the gPCE is truncated to some suitably high order
such that the total degree | 𝒋 | ≤ 𝑝:

𝜓(𝝃) ≈
𝑝∑︁

| 𝒋 |=0
𝜓 𝒋𝜙 𝒋 (𝝃) =: 𝜓̃(𝝃) (32)

where the number of expansion factors, 𝑁𝑝 , is given by

𝑁𝑝 =

(
𝑛𝜉 + 𝑝

𝑝

)
:=

(𝑛𝜉 + 𝑝)!
𝑝!(𝑛𝜉 + 𝑝 − 𝑝)! =

(𝑛𝜉 + 𝑝)!
𝑛𝜉 !𝑝!

(33)

where 𝑝 is the polynomial order. For convenient manipulation of the multi-index 𝒋, the graded lexicographic order
(GLO) is often used [29], where 𝒌 > 𝒋 if |𝒌 | > | 𝒋 | or if |𝒌 | = | 𝒋 | and the first nonzero entry in 𝒌 − 𝒋 is positive. Table
1 depicts the resulting ordering for a 3-tuple, as well as the associated single-index 𝑗 ′. The orthogonality property
expressed in Eq. (31) ensures that 𝜓̃(𝝃) is the minimum error (𝜖) representation of 𝜓(𝝃) with respect to the Euclidean
norm on the space spanned by the truncated basis functions [33]. This is known as a Galerkin projection [33]. Figure 1
depicts this concept for a two-term gPCE in a single uncertain variable.

𝜓1𝜙1

𝜓0𝜙0

𝜙0

𝜙1

𝜓

𝜓̃

𝜖

Fig. 1 Galerkin projection of random variable 𝜓 onto the
space of two polynomial chaos basis functions 𝜙1 and 𝜙2.

Table 1 Example of
graded lexicographic
ordering with 𝑛𝜉 = 3.

| 𝒋 | 𝒋 𝑗 ′

0 (0, 0, 0) 0
1 (1, 0, 0) 1

(0, 1, 0) 2
(0, 0, 1) 3

2 (2, 0, 0) 4
(1, 1, 0) 5
(1, 0, 1) 6
(0, 2, 0) 7
(0, 1, 1) 8
(0, 0, 2) 9

3 (3, 0, 0) 10
(2, 1, 1) 11

...
...

D. Galerkin Projection of Stochastic Systems
As in [34], consider a random vector 𝒔∗ (𝑡, 𝝃) whose 𝑛𝑠 components 𝑠∗

𝑖
(𝑡, 𝝃) are parametrized by 𝝃 for 𝑖 ∈ {1, . . . , 𝑛𝑠}.

These components can be approximated using gPCE as follows:

𝑠∗𝑖 (𝑡, 𝝃) ≈ 𝑠𝑖 (𝑡, 𝝃) :=
𝑝∑︁

| 𝒋 |=0
𝑠𝑖, 𝒋 (𝑡)𝜙 𝒋 (𝝃) (34)

where 𝑠 are the gPC expansion coefficients. For compactness, we define

𝒔(𝑡, 𝝃) :=
[
𝑠1 (𝑡, 𝝃) 𝑠2 (𝑡, 𝝃) . . . 𝑠𝑛𝑠 (𝑡, 𝝃)

]T ∈ R𝑛𝑠×1 (35a)
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If 𝒔 was the state vector for a dynamical system, for example, then 𝑠1, . . . , 𝑠𝑛𝑠 would be the individual components, and
𝒔∗ (𝑡, 𝝃) ≈ 𝒔(𝑡, 𝝃). Next we define

𝒔𝑖 (𝑡) :=
[
𝑠𝑖,0 (𝑡) 𝑠𝑖,1 (𝑡) . . . 𝑠𝑖, 𝑗′ (𝑡)

]T ∈ R𝑁𝑝×1 (35b)

which is the column vector of 𝑁𝑝 expansion coefficients for a given component of 𝒔. Additionally, define

𝝓(𝝃) :=
[
𝜙0 (𝝃) 𝜙1 (𝝃) . . . 𝜙 𝑗′ (𝝃)

]T ∈ R𝑁𝑝×1 (35c)

which is the column vector of 𝑁𝑝 multivariate basis functions corresponding to each expansion coefficient. Lastly, we
group the 𝑛𝑠 column vectors 𝒔𝑖 to obtain

𝒔PC (𝑡) :=
[
𝒔1 (𝑡) . . . 𝒔𝑛𝑠 (𝑡)

]
∈ R𝑁𝑝×𝑛𝑠 (35d)

We can now represent the gPCE as

𝒔(𝑡, 𝝃) = 𝒔T
PC (𝑡)𝝓(𝝃) (36a)

=

(
𝝓T (𝝃) ⊗ I𝑛𝑠

)
vec

(
𝒔T

PC (𝑡)
)

(36b)

=: ΦT
𝑠 (𝝃)𝑺(𝑡) (36c)

where ⊗ is the Kroenecker product and vec(·) is the vectorization of a matrix [35]. Note that ΦT
𝑠 (𝝃) ∈ R𝑛𝑠×𝑛𝑠𝑁𝑝 and

𝑺(𝑡) ∈ R𝑛𝑠𝑁𝑝×1.

E. Galerkin Projection of the Uncertain Augmented System
Substituting the gPCEs of 𝒙𝐴, 𝒚𝐴 and 𝒛 into Eq. (28) we get

ΦT
𝑥𝐴
(𝝃) ¤𝑿𝐴(𝑡) = 𝑨𝐴(𝝃)ΦT

𝑥𝐴
(𝝃)𝑿𝐴(𝑡) + 𝑩𝐴(𝝃)𝒖(𝑡) + 𝑮𝜼(𝑡) (37a)

ΦT
𝑦𝐴
(𝝃)𝒀𝐴(𝑡) = 𝑪𝐴Φ

T
𝑥𝐴
(𝝃)𝑿𝐴(𝑡) + 𝑫𝒖(𝑡) + 𝑭𝜼(𝑡) (37b)

ΦT
𝑧 (𝝃)𝒁(𝑡) = 𝑳ΦT

𝑥𝐴
(𝝃)𝑿𝐴(𝑡) (37c)

For brevity we will drop the (𝝃) notation from everything except 𝑨𝐴 and 𝑩𝐴. Now, multiply the dynamic equation by
Φ𝑥𝐴 , the measurement equation by Φ𝑦𝐴 , and the estimate equation by Φ𝑧 to get

Φ𝑥𝐴Φ
T
𝑥𝐴

¤𝑿𝐴(𝑡) = Φ𝑥𝐴𝑨𝐴(𝝃)ΦT
𝑥𝐴
𝑿𝐴(𝑡) +Φ𝑥𝐴 (𝝃)𝑩𝐴(𝝃)𝒖(𝑡) +Φ𝑥𝐴𝑮𝜼(𝑡) (38a)

Φ𝑦𝐴Φ
T
𝑦𝐴
𝒀𝐴(𝑡) = Φ𝑦𝐴𝑪𝐴Φ

T
𝑥𝐴
𝑿𝐴(𝑡) +Φ𝑦𝐴𝑫𝒖(𝑡) +Φ𝑦𝐴𝑭𝜼(𝑡) (38b)

Φ𝑧Φ
T
𝑧𝒁(𝑡) = Φ𝑧𝑳Φ

T
𝑥𝐴
𝑿𝐴(𝑡) (38c)

Now, take the expectation of Eq. (38) and let 𝑴𝑥𝐴 = E𝜉
{
Φ𝑥𝐴Φ

T
𝑥𝐴

}
, 𝑴𝑦𝐴 = E𝜉

{
Φ𝑦𝐴Φ

T
𝑦𝐴

}
and let 𝑴𝑧 = E𝜉

{
Φ𝑧Φ

T
𝑧

}
.

By Eqs. (31) and (36), 𝑴𝑥𝐴 , 𝑴𝑦𝐴 and 𝑴𝑧 are diagonal and full rank. Thus,

𝑴𝑥𝐴
¤𝑿𝐴(𝑡) = A𝐴𝑿𝐴(𝑡) + B𝐴𝒖(𝑡) + G𝜼(𝑡) (39a)

𝑴𝑦𝐴𝒀𝐴(𝑡) = C𝐴𝑿𝐴(𝑡) + D𝒖(𝑡) + F 𝜼(𝑡) (39b)
𝑴𝑧𝒁(𝑡) = L𝑿𝐴(𝑡) (39c)

where

A𝐴 = E𝜉
{
Φ𝑥𝐴𝑨𝐴(𝝃)ΦT

𝑥𝐴

}
∈ R𝑛𝑥𝑁𝑝×𝑛𝑥𝑁𝑝 (40a)

B𝐴 = E𝜉
{
Φ𝑥𝐴𝑩𝐴(𝝃)

}
∈ R𝑛𝑥𝑁𝑝×𝑛𝑢 (40b)

G = E𝜉
{
Φ𝑥𝐴𝑮

}
∈ R𝑛𝑥𝑁𝑝×𝑛𝜂 (40c)

C𝐴 = E𝜉
{
Φ𝑦𝐴𝑪𝐴Φ

T
𝑥𝐴

}
∈ R𝑛𝑦𝑁𝑝×𝑛𝑥𝑁𝑝 (40d)

D = E𝜉
{
Φ𝑦𝐴𝑫

}
∈ R𝑛𝑦𝑁𝑝×𝑛𝑢 (40e)

F = E𝜉
{
Φ𝑦𝐴𝑭

}
∈ R𝑛𝑦𝑁𝑝×𝑛𝜂 (40f)

L = E𝜉
{
Φ𝑧𝑳Φ

T
𝑥𝐴

}
∈ R𝑛𝑧𝑁𝑝×𝑛𝑥𝑁𝑝 (40g)
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Finally,

¤𝑿𝐴(𝑡) = 𝑴−1
𝑥𝐴

(
A𝐴𝑿𝐴(𝑡) + B𝐴𝒖(𝑡) + G𝜼(𝑡)

)
(41a)

𝒀𝐴(𝑡) = 𝑴−1
𝑦𝐴

(
C𝐴𝑿𝐴(𝑡) + D𝒖(𝑡) + F 𝜼(𝑡)

)
(41b)

𝒁(𝑡) = 𝑴−1
𝑧 L𝑿𝐴(𝑡) (41c)

From here we can abbreviate the notation once more and drop the (𝑡). Note that, via gPCE, we have approximated the
uncertain system, Eq. (28), as a deterministic system to which we can apply numerous well-established control and
estimation tools.

IV. Steady-State gPC 𝐻∞ Filter
In this section we design a deterministic state observer for the system (Eq. 39), which represents the original

uncertain system (Eq. 28). Then we use 𝐻∞ filter theory to obtain the static observer gain, resulting in augmented state
estimates which have bounded error. Lastly, it is shown how the bound on the gPC system provides a bound on the
uncertainty in the original system.

A. gPC 𝐻∞ Filter Theory
A Luenberger filter for the system of Eq. (39) is of the form

¤̂𝑿𝐴 = A𝐴𝑿̂𝐴 + B𝐴𝒖 + K
(
𝒀𝐴 − C𝐴𝑿̂𝐴

)
(42)

𝒁̂ = L 𝑿̂𝐴 (43)

where the hat notation, ( ˆ), denotes an estimate, and K is a generic filter gain matrix to be determined. Now define
𝑿̃𝐴 = 𝑿𝐴 − 𝑿̂𝐴. Thus, the error dynamics of the filter are

¤̃𝑿𝐴 = (A𝐴 − KC𝐴) 𝑿̃𝐴 + (G − KF ) 𝜼 (44)
𝒁̃ = 𝒁 − 𝒁̂ = L 𝑿̃𝐴 (45)

Define 𝐿2 [0,∞) as the space of square-integrable functions with bounded energy such that

𝜼 ∈ 𝐿2 [0,∞) ⇒
∫ ∞

0
∥𝜼(𝑡)∥2

2d𝑡 < ∞ (46)

Let 𝑯𝑍̃ 𝜂 (𝑠) represent the transfer function from exogenous inputs, 𝜼, to estimate error, 𝒁̃ for the system (44). Recall
[36] that the 𝐻∞ norm of system 𝑯𝑍̃ 𝜂 (𝑠) is given by

∥𝑯𝑍̃ 𝜂 (𝑠)∥∞ = ess sup
𝜔𝑢∈R

𝜎max

(
𝑯𝑍̃ 𝜂 ( 𝑗𝜔𝑢)

)
= sup

0≠𝜼∈𝐿2

∥ 𝒁̃∥𝐿2

∥𝜼∥𝐿2

(47)

where 𝜎max denotes the largest singular value, and ∥ · ∥𝐿2 is the 𝐿2-norm. From [11], we apply the following lemma:

Lemma 1 (Adapted from Lemma 7.1(c) in [11]) For all 𝜼 ∈ 𝐿2 [0,∞), for a given 𝛾 > 0 there exists a linear causal
filter such that 𝑯𝑍̃ 𝜂 (𝑠) is asymptotically stable and ∥𝑯𝑍̃ 𝜂 (𝑠)∥∞ < 𝛾 if and only if the algebraic Riccati inequality (ARI)

AT
𝐴X + XA𝐴 − YC𝐴 − CT

𝐴Y
T + 𝛾−2LTL + (XG − YF )(XG − YF )T < 0 (48)

has a solution X = XT > 0, with Y ∈ R𝑛×𝑚 where 𝑛 is the number of states and 𝑚 is the number of measurements.
Applying the Schur complement to Eq. (48) yields the linear matrix inequality

Y (X,Y) =
[
AT

𝐴
X + XA𝐴 − YC𝐴 − CT

𝐴
YT + 𝛾−2LTL XG − YF

GTXT − F TYT −𝑰

]
< 0 (49a)

X > 0 (49b)
Finally, the 𝐻∞ filter gain, K∞, is

K∞ = X−1Y (50)
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B. Interpretation of 𝐻∞ Results for gPC System
Recall from Eq. (36) that 𝒛 = ΦT

𝑧̃
𝒁̃. Without loss of generality, let us normalize Φ𝑧̃ such that ⟨Φ𝑧̃ ,Φ

T
𝑧̃
⟩ is an identity

matrix. Taking the expectation of ∥𝒛∥2
2 we get

E𝜉 {∥𝒛∥2
𝐿2
} = E𝜉

{∫ ∞

0
𝒛T𝒛d𝑡

}
(51a)

=

∫ ∞

0
E𝜉

{
𝒛T𝒛

}
d𝑡 (51b)

=

∫ ∞

0
𝒁̃TE𝜉 {Φ𝑧̃Φ

T
𝑧̃ }𝒁̃d𝑡 (51c)

= ∥ 𝒁̃∥2
𝐿2

(51d)

The above implies that, with K∞ as the static filter gain,

∥𝑯𝑍̃ 𝜂 (𝑠)∥∞ = sup
0≠𝜼∈𝐿2

∥ 𝒁̃∥𝐿2

∥𝜼∥𝐿2

= sup
0≠𝜼∈𝐿2

√︃
E𝜉 {∥𝒛∥2

𝐿2
}

∥𝜼∥𝐿2

< 𝛾 (52)

From Eq. (52) we can see that by applying 𝐻∞ filtering to the gPC expanded system we achieve a bound on the mapping
from ∥𝜼∥𝐿2 to E𝜉 {∥𝒛∥2

𝐿2
}. Thus, bounding the mapping from exogenous inputs to estimate error variance for the gPC

system also bounds the corresponding mapping for the stochastic system.

V. Multivariate Uncertainty Reduction from Flight Test Data

A. Research Aircraft
The research aircraft used in this effort is the My Twin Dream (MTD), shown in Fig. 2, manufactured by My Fly

Dream. It is a radio-controlled foam aircraft with counter-rotating twin electric motors and APC 10-in. diameter, 6-in.
pitch (10x6) propellers. The aircraft was instrumented with a Cubepilot CubeOrange flight computer running PX4
firmware. The sensors onboard the aircraft include triple-redundant accelerometers and gyroscopes, two magnetometers,
a Real-Time Kinematic (RTK) global positioning system (GPS) receiver, and a vaned air data unit for validation. The
MTD was chosen for its simple construction, propeller location (to accommodate the air data boom), and endurance of
approximately 25 minutes. The MTD’s physical properties are listed in Table 2.

Fig. 2 My Twin Dream (MTD) aircraft

Table 2 My Twin Dream (MTD) properties

Property Symbol Value Units
Mass 𝑚 3.311 kg
Mean aerodynamic chord 𝑐 0.254 m
Projected wing span 𝑏 1.800 m
Wing planform area 𝑆 0.457 m2

Roll moment of inertia 𝐼𝑥𝑥 0.319 kg-m2

Pitch moment of inertia 𝐼𝑦𝑦 0.267 kg-m2

Yaw moment of inertia 𝐼𝑧𝑧 0.471 kg-m2

Product of inertia 𝐼𝑥𝑧 0.024 kg-m2

Product of inertia 𝐼𝑥𝑦 , 𝐼𝑦𝑧 ≈ 0 kg-m2

The aerodynamic force and moment coefficients in Eq. (11) are from [20] and are reproduced in Table 5 in
Appendix A along with their associated mean (𝜇), standard deviation (𝜎), and coefficient of variation (CV) [37]. The
propulsion coefficient comes from a model based on the wind tunnel data from [21]. The accelerometers, gyroscopes,
magnetometers, and GPS feed into an extended Kalman filter as part of the PX4 firmware, from which we use position
(𝑿), attitude (𝚯), and angular velocity (𝝎), which are provided along with their respective state estimate error variances
[38]. The wind estimates were compared to reconstructed wind data from a vaned air data unit (ADU) mounted out the
nose of the aircraft as pictured in Figure 2. This sensor was developed, manufactured, and calibrated by the Nonlinear
Systems Laboratory at Virginia Tech [12]. It consists of two 3D printed vanes attached to magnetic rotary encoders and
a 3D printed Kiel probe connected to a MS5525DSO† pressure sensor. The pulse-width modulation (PWM) rotary

†Manufactured by TE Connectivity
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encoders are read at a sample rate of 200 Hz by a microcontroller that communicates with the flight computer over the
CAN bus via a custom PX4 driver. The pressure sensor is natively supported by PX4 and configured to log calibrated
airspeed data at 10 Hz.

Let 𝑉 , 𝛼, and 𝛽 𝑓 be the airspeed, angle-of-attack, and flank angle reported by the ADU, respectively. By using
GPS velocity measurements 𝒗i (accuracy of 0.05 m/s), autopilot attitude estimates (with quaternion estimate standard
deviations ≈ 10−3), and angular velocity measurements from the calibrated gyroscope (noise and bias removed), the
wind velocity may be reconstructed as

𝒘 = 𝒗i − 𝑹IB (𝒗ADU − 𝝎 × 𝒓ADU) (53)

where 𝒗ADU = 𝑹BW (𝛼, 𝛽)𝒆1𝑉r. Here, 𝒗ADU is the air-relative velocity at the geometric center of the ADU vanes, whose
position in the body frame is denoted 𝒓ADU. The rotation matrix 𝑹BW (𝛼, 𝛽) = 𝑒−[𝒆2×]𝛼𝑒 [𝒆3×]𝛽 , which maps free vectors
from the wind frame to the body frame, is parameterized by the measured angle-of-attack, 𝛼, and the sideslip angle,
𝛽 = tan−1 (tan(𝛽 𝑓 ) cos(𝛼)). The accuracy of the reconstructed wind data can be characterized by propagating the
measurement uncertainty through Eq. (53). Due to the low error of the constituent measurements, the reconstructed wind
is treated as a truth source for wind estimate validation. This air data unit was validated in the Virginia Tech Aerospace
and Ocean Engineering department’s open jet wind tunnel both for steady-state readings and dynamic response. The
airspeed-dependent cutoff frequencies of the vanes were found to be greater than 16 Hz, well above the fastest rigid
body modes, which determine an upper limit on the dynamic response of model-based wind estimators.

B. Flight Test
A flight test campaign was conducted at Virginia Tech’s Kentland Experimental Aerial Systems (KEAS) airfield on

September 28th, 2022 using the UAS described in Section V.A. Data were gathered during four passes over the ground
control station (referred to as Runs 1-4) at 76 m (250 ft) AGL when the wind conditions at ground level were gusty.
Gusty conditions were chosen since the goal is to achieve accurate wind estimates under any condition in which the
UAS is able to fly. Since we are utilizing an LTI model we restricted the maneuver to nominally steady flight, namely
straight-and-level unaccelerated flight.

C. Computer Specifications
The simulations presented in this section were performed in Matlab R2023b on a laptop with an AMD Ryzen 7 PRO

7840U CPU with eight physical cores and 64 GB of DDR5-6400 memory. The MC simulations were accomplished using
Matlab’s parfor command‡ and the gPC computations were accomplished analytically using symbolic integration
along with parfor.

D. Methodology
This first step in computing the gPCE of Section III is to determine how the uncertainty in the nonlinear model

parameters, given in Table 5 (Appendix A), maps to uncertainty in the entries of the linear system matrices. This is
done analytically according to Section III.A. The resulting statistics for the 𝑨(𝝃) matrix entries are presented in Table 3.
Note that only the entries which are affected by changes in aerodynamic parameters, i.e. dynamic states and derivatives,
are given. Next, a nominal filter (nom) is found using a deterministic method based on the nominal system, where
𝑨nom = E𝜉 {𝑨(𝝃)}. The 𝐻∞ filtering method in [12] was used to produce the nominal filter

(
𝐻nom

∞
)

results in this paper.
From Table 3 we identify the matrix entries we would like to analyze. Certainly there is no limit to the number of

entries that can be included, but the computational burden of performing the gPCE grows according to 𝑁𝑝 (Eq. (33)).
This is commonly referred to as the curse of dimensionality. To simplify the results presented here we will only consider
the three longitudinal entries with the largest CV from Table 3: 𝐴7,7, 𝐴9,7, and 𝐴11,7. Since the distribution of each
stochastic entry is Gaussian, the appropriate gPC polynomial basis is the family of Hermite polynomials [30], given
by the formula

He𝑛 (𝜉) = (−1)𝑛𝑒
𝜉2
2

dn

d𝜉n 𝑒
−𝜉2

2 (54)

The first five Hermite polynomials are: He0 = 1, He1 = 𝜉, He2 = 𝜉2 − 1, He3 = 𝜉3 − 3𝜉, He4 = 𝜉4 − 6𝜉2 + 3. The
corresponding probability density function is 𝜑(𝜉) = 1√

2𝜋
𝑒−

𝜉2
2 with support Ω = (−∞,∞). Recalling Section III.C, we

‡https://www.mathworks.com/products/parallel-computing.html
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Table 3 Uncertain entries of linear A matrix

Axis of Motion Deriv.(row) State(col.) Mean (𝜇) Std. Dev. (𝜎) CV
(

𝜎
|𝜇 |

)
Longitudinal

¤𝑢𝑟 (7) 𝑢𝑟 (7) -0.197 0.090 0.46
¤𝑤𝑟 (9) 𝑢𝑟 (7) -0.932 0.276 0.28

¤𝑞(11)
𝑢𝑟 (7) +0.015 0.066 4.12
𝑤𝑟 (9) -2.416 0.147 0.06
𝑞(11) -9.684 0.233 0.02

Lateral-Directional

¤𝑣𝑟 (8)
𝑣𝑟 (8) -0.708 0.200 0.28
𝑝(10) +0.474 0.207 0.44
𝑟 (12) -19.64 0.847 0.04

¤𝑝(10)
𝑣𝑟 (8) -0.997 0.133 0.13
𝑝(10) -11.27 1.194 0.11
𝑟 (12) -0.177 0.043 0.24

¤𝑟 (12)
𝑣𝑟 (8) +1.767 0.440 0.25
𝑝(10) -0.574 0.061 0.10
𝑟 (12) -2.352 0.573 0.24

are not constrained to an assumption of normality to apply gPC. But, given the nature of the the uncertainties being
considered, Gauss-Hermite polynomials are appropriate. Using the chosen uncertain entries of 𝑨(𝝃), the gPC 𝐻∞

filter
(
𝐻

gPC
∞

)
is synthesized according to Section IV.A. The 𝐻nom

∞ and 𝐻
gPC
∞ filters were used to generate wind estimates

using available aircraft measurements: inertial position, Euler angles, and body angular rates. To characterize the
uncertainty in wind estimates using the 𝐻nom

∞ filter Monte Carlo simulations were conducted, the details and results of
which are presented in Part 1 [1]. Alternatively, the 𝐻gPC

∞ filter directly provides an estimate of the uncertainty (variance)
as an output from a single run (See Section III.G of Part 1).

VI. Results
Figure 3 shows the MC simulations of the 𝐻nom

∞ filter with uncertainty in 𝐴7,7, 𝐴9,7, and 𝐴11,7. The variation in the
set of estimates {𝑤̂𝑁 , 𝑤̂𝐸 , 𝑤̂𝐷} is purely a result of the uncertainty in the state matrix, 𝑨(𝝃), which was ignored in the
design of the 𝐻nom

∞ filter. In other words, 𝑨nom was used to find 𝑲nom
∞ . Thus, the form of the filter equations used for the

MC simulations [1] was

¤̂𝒙𝐴(𝑡, 𝝃) = 𝑨𝐴(𝝃)𝒙̂𝐴(𝑡, 𝝃) + 𝑩𝐴𝒖(𝑡) + 𝑲nom
∞ (𝒚𝐴(𝑡) − 𝑪𝐴𝒙̂𝐴(𝑡, 𝝃)) (55a)

𝒛(𝑡, 𝝃) = 𝑳𝒙̂𝐴(𝑡, 𝝃) (55b)

Since for this particular test case the aircraft was flown on a north-south course (see Figure 4) we would expect the
longitudinal uncertainty to manifest as uncertainty in the north wind component. As can be seen in Figure 3, the north
component, 𝑤̂𝑁 , is affected the most by these uncertainties (i.e., it has the largest variance in estimates over time),
followed by the east component, 𝑤̂𝐸 . The downward component, 𝑤̂𝐷 , is much less affected. For reference the actual
wind values (𝑤𝑁 , 𝑤𝐸 , 𝑤𝐷) measured by the ADU discussed in Section V.A are also shown.

Again, our goal is to leverage knowledge of 𝑨(𝝃) to reduce the variance (i.e., improve the precision) of the wind
estimates given in Figure 3. In Part 1 [1] it was found that, for this particular system, a 2nd order gPCE was sufficient for
accurately characterizing the underlying uncertainty. Thus, 𝑝 = 2 was chosen for synthesizing the 𝐻

gPC
∞ filter according

to Section IV. Table 4 presents the variance in the wind estimates for the 𝐻nom
∞ and 𝐻

gPC
∞ filters. Maximum (Max),

root-mean-squared (RMS), and average (Avg.) variances are given, as well as the percent reduction, %Δ, from the
nominal filter to the gPC-based filter. The 𝐻

gPC
∞ filter is able to achieve significant reductions in variance across all three

metrics.
Figure 5 shows that 𝐻gPC

∞ filter is able to track the mean wind value similar to the 𝐻nom
∞ filter. Figures 6-8 show the

variance in the estimates over time and how the 𝐻
gPC
∞ filter is effective at generating estimates that are closer to the mean

and, therefore, is less sensitive to uncertainty in the underlying model. Thus, the 𝐻
gPC
∞ filter is able to reduce potential

wind estimate error due to imprecisely known model parameters.
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Fig. 3 Monte Carlo simulations of the nominal filter
with uncertainty in the longitudinal entries of 𝑨(𝝃).

Fig. 4 Test flight path (results data segment outlined
in black).

Table 4 Variance in wind estimates for nominal and 2nd order gPC 𝐻∞ filters with 𝑛𝜉 = 3, (𝐴7,7, 𝐴9,7, 𝐴11,7)

Variance
Filter Method Wind Component Max %Δ from nom RMS %Δ from nom Avg. %Δ from nom

𝐻nom
∞

𝑤𝑁 0.763 – 0.451 – 0.374 –
𝑤𝐸 0.056 – 0.033 – 0.027 –
𝑤𝐷 0.006 – 0.004 – 0.003 –

𝐻
gPC
∞

𝑤𝑁 0.672 11.9 0.346 23.2 0.282 24.5
𝑤𝐸 0.049 11.9 0.025 23.2 0.021 24.5
𝑤𝐷 0.006 0.9 0.003 16.4 0.003 16.2
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7(ŵD) nom
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Fig. 5 Mean wind velocities from MC of 𝐻nom
∞ filter

and single run of 𝐻gPC
∞ filter.
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Fig. 6 Variance in 𝑤̂𝑁 calculated from MC of 𝐻nom
∞

filter and single run of 𝐻gPC
∞ filter.

VII. Conclusions and Comments
This paper describes the underlying theory and process for obtaining a deterministic system of equations from

a stochastic system using gPC. The concepts are applied to the problem of model-based wind estimation using
measurements obtained from an unmanned aircraft. The aim is to obtain a measure of the precision of these wind
estimates over time, given known uncertainties in model parameters. Additionally, we seek to use knowledge of the
uncertainties to improve the precision of the wind estimates. In the multivariate case presented here the 𝐻

gPC
∞ filter

shows superiority over the nominal 𝐻∞ filter in terms of variance in estimates due to model parametric uncertainty. It
has been shown that the error due to parametric uncertainty, as characterized by the variance in estimates from the mean,
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𝐻nom
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∞ filter.

is reduced by almost 25% on average by using a 2nd order gPCE. These results can likely be improved by adjusting
weightings within the 𝐻∞ formulation or restructuring the gPCE system and is an area of future research. Additionally,
in practice the 𝐻

gPC
∞ filter could be used in applications, such as in a synthetic air data system, to obtain estimates and

their associated uncertainty in real-time. This is not possible using MC. The methods presented here are extensible to
nonlinear systems [25] and interdependent uncertainties [39, 40], so the applications are manifold. Together, Part 1 [1]
and this work demonstrate the utility and versatility of gPC for wind and state estimation.

Appendix A. Nonlinear Model Parameters

Table 5 Nonlinear Model Parameters [20]

Axis of Motion Coefficient Parameter Mean (𝜇) Std. Dev. (𝜎) CV
(

𝜎
|𝜇 |

)

Longitudinal

𝐶𝑋

𝐶𝑋0 +0.009 0.026 2.89
𝐶𝑋𝛼

+0.282 0.000 0.00
𝐶𝑋

𝛼2 +3.173 0.119 0.04
𝐶𝑋𝛿𝑒

+0.051 0.025 0.49

𝐶𝑍

𝐶𝑍0 -0.255 0.074 0.29
𝐶𝑍𝛼

-4.436 0.015 0.00
𝐶𝑍𝑞

-12.54 0.030 0.00

𝐶𝑚

𝐶𝑚0 +0.008 0.006 0.75
𝐶𝑚𝛼

-0.444 0.027 0.06
𝐶𝑚𝑞

-14.02 0.336 0.02
𝐶𝑚𝛿𝑒

-0.415 0.058 0.14

Lateral-Directional

𝐶𝑌

𝐶𝑌𝛽 -0.410 0.115 0.28
𝐶𝑌𝑝

+0.221 0.133 0.60
𝐶𝑌𝑟 +0.230 0.547 2.38
𝐶𝑌𝛿𝑎

+0.118 0.011 0.09
𝐶𝑌𝛿𝑟

+0.136 0.030 0.22

𝐶𝑙

𝐶𝑙𝛽 -0.035 0.004 0.11
𝐶𝑙𝑝 -0.386 0.041 0.11
𝐶𝑙𝛿𝑎

-0.137 0.010 0.07

𝐶𝑛

𝐶𝑛𝛽 +0.083 0.020 0.24
𝐶𝑛𝑟 -0.119 0.029 0.24
𝐶𝑛𝛿𝑎

+0.013 0.009 0.69
𝐶𝑛𝛿𝑟

-0.068 0.006 0.09
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