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ABSTRACT
This paper presents a methodology to sense ambient wind conditions to assist in localizing the source of a released
agent using small unmanned aerial systems (sUAS). The release of chemical, biological, radiological, or nuclear
(CBRN) agents is a long-standing threat to populated areas and to ecosystems, in general. Such agents could be re-
leased intentionally by an adversary, accidentally, or by means of natural disaster. The technology and methods to de-
tect, localize, and model release and dispersion of CBRN agents have been enhanced by integrating cross-disciplinary
solutions using advances from sensor design, intelligent signal processing, control systems, vehicle design, chemi-
cal modeling, and atmospheric modeling. The miniaturization of sensors and sUAS has enabled the application of
sUAS with a chemical sensor payload to detect and localize the source of CBRN agents. In many instances, this
chemotaxis operation can be performed faster and more accurately with the addition of atmospheric information, such
as ambient wind condition. The paper provides an overview of chemical source localization and current challenges
which motivated this work, including operation in complex settings and turbulence. Analysis of these challenges from
an atmospheric science perspective is summarized along with strategies to obtain accurate and useful wind estimates
that assist in localizing the source quickly and efficiently. A description of the wind estimation approach, based on
Bayesian estimation, is provided along with results from simulation studies utilizing realistic vehicle dynamics, wind,
turbulence, and chemical plume models.

INTRODUCTION

This paper presents a methodology to estimate ambient wind
conditions to use as a command control signal for autonomous
small unmanned air systems (sUAS) to locate the source of a
released agent. The wind estimator can be combined with
different source localization approaches to localize the source
quickly and with certainty. The release of chemical, biologi-
cal, radiological, or nuclear (CBRN) agents is a long-standing
threat to populated areas as well as other plant and animal
populations, and ecosystems, in general. Such agents could
be released intentionally by an adversary, accidentally, or by
means of natural disaster. The technology and methods to de-
tect, localize, and model the release and dispersion of CBRN
agents have been enhanced by integrating cross-disciplinary
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solutions with advances from sensor design, intelligent signal
processing, control systems, vehicle design, chemical model-
ing, and atmospheric modeling. The miniaturization of sen-
sors and sUAS has enabled the application of sUAS with a
chemical sensor payload to detect and localize the source of
CBRN agents. In many instances, this chemotaxis operation
can be performed faster and more accurately with the addition
of atmospheric information, such as ambient wind condition.

The literature is rich in the areas of wind estimation and
chemical source localization using a variety of means, in-
cluding static and mobile sensors. This paper presents re-
search that uses the sUAS itself as a pseudo wind sensor in-
strumented with a chemical detector. Indirect wind estima-
tion is used where the vehicle itself is treated as the wind
sensor (Refs. 1–3). Estimates of the ambient wind are ob-
tained using outputs of sensors common to most autopilots
and a dynamic model of the sUAS. This approach differs from
direct wind estimation where a sUAS is instrumented with
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some type of anemometer to measure the ambient winds di-
rectly (Refs. 4, 5).
One of the key benefits of the wind estimator developed in
this paper is the ability to accurately estimate winds during
maneuvering and non-hovering flight. Due to a requirement
to limit the time and frequency at which the vehicle hovers to
sample wind and concentration data, a model that estimates
winds at potentially large advance ratios and general flight
maneuvers is required. The simplistic hover models often seen
in the literature, where the rotor thrust and torque are modeled
as a constant multiplied by the square of the rotor rotational
speed, do not meet program requirements, and introduce un-
certainty and error in the estimation algorithm. One purpose
of this paper is to present a model suitable for general flight
conditions based on first-principles and then refined with sys-
tem identification techniques. The development focuses on
the forces and moments generated by the rotors, following
blade-element theory, with appropriate simplifications for a
multi-rotor without swashplate controls.
The remainder of this paper provides a brief overview of
chemical source localization and current challenges which
motivated this work, including operation in complex settings
and turbulence. Analysis of these challenges from an atmo-
spheric science perspective provides strategies to obtain ac-
curate and useful wind estimates that assist in localizing the
source quickly and efficiently. A description of the wind es-
timation approach, based on Bayesian estimation, is provided
along with results from simulation studies utilizing realis-
tic vehicle dynamics, wind, turbulence, and chemical plume
models.

SOURCE LOCALIZATION
A number of approaches are reported in the literature for
gas or pollutant source localization, also called source seek-
ing (SS). These approaches can be generally classified as
exploration approaches inspired by biological agents, e.g.,
chemotaxis and anemotaxis; optimization approaches; proba-
bilistic methods (Bayesian inference); and hybrid approaches
(Ref. 6). Anemotaxis refers to the movement of an organ-
ism in response to the motion of a surrounding fluid, e.g., an
organism moving in a sensed upwind direction in search of
a food source. Chemotaxis is the movement of an organism
in response to a chemical stimulus, such as the change in a
gradient, where an organism would move towards the highest
concentration of a sensed agent. A few of the more popular
biologically inspired approaches include the biased random
walk of the E. coli bacterium; surge-casting mimicking the
male silkworm moth, which has similarities to the tracking
behavior of the male Tobacco Hornworm moth (Ref. 7), and a
zig-zag approach observed in the dung beetle (Refs. 8,9). Ex-
amples of the surge-casting and zig-zag motion strategies are
depicted in Figure 1a and 1b, respectively. Other approaches
use gradient descent, particle filters, particle swarm optimiza-
tion, and Bayesian inference networks (Ref. 10).
In addition to chemical gradient and flow information, statis-
tical descriptions of the turbulent flow have been suggested

(a) Surge-casting motion strategy

(b) Zig-zag motion strategy

Figure 1. Biologically inspired motion strategies

to be used by natural organisms. In (Ref. 11), the authors
suggest the Panilus argus (spiny lobster) uses active burst-
ing olfactory receptor neurons (bORN) to encode the time
between encounters which supplements fluid flow direction
and magnitude detected by other mechanosensory cells. This
work suggests using an intermittency measure to guide the
search direction to lead the agent to track the edge of the
plume, as opposed to the plume centerline seen in concen-
tration (chemotactic) approaches, and yield a reduced search
time. In (Ref. 12), the authors note that walking Drosophila
melanogaster direct motion upwind based on the frequency of
encounter with an odor and the intermittency of the odor sig-
nal. This research suggests that using both intermittency and
mean gradient signals may be advantageous in certain envi-
ronments, but a weighting is desired in general application. In
practice, biological systems may be able to react more quickly
than cyber-physical systems owing to superior sensing and
processing systems. As such, sensor characteristics like the
response time and noise characteristics should be considered
in developing search strategies informed by biological sys-
tems. Effects of the UAS platform should also be considered,
e.g., the rotor wake generated by multi-rotor UAS can distort
the sensed ambient wind (Ref. 4) (if using a direct wind sen-
sor) and chemical concentration readings.

Past research efforts have evaluated source localization ap-
proaches in simplified conditions with steady constant airflow,
neglected turbulence, or did not include buildings or other ob-
stacles that naturally create turbulent conditions. Even in open
environments, the level of atmospheric instability will affect
turbulence intensity and characteristics leading to uneven con-
centration levels and complex plume structures. Results have
varied when evaluating different chemotaxis and anemotaxis
approaches in realistic test environments. In (Ref. 9), the
authors note that “...plume tracking is possible under cer-
tain circumstances in the real-world, it is difficult to locate
gas sources in scenarios with changing wind conditions and
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high turbulence.” Some reports indicate chemotaxis-only ap-
proaches were brittle in turbulent conditions; however, perfor-
mance improvements were observed when combining chemo-
taxis and anemotaxis methods (Ref. 6). The wind estimation
approach presented in this paper is agnostic to the source lo-
calization method and could enhance the performance of the
aforementioned source localization methods. Many profitable
techniques can be learned from natural organisms, including
operation in turbulent and urban environments. The following
section augments these biologically-inspired approaches with
an understanding of the atmospheric conditions and suggests
strategies to sample wind information in regions with complex
flow and dispersion patterns.

ATMOSPHERIC CONSIDERATIONS

The successful documentation and modeling of complex ter-
rain and urban flows is of utmost importance for various dis-
ciplines including architects and city planners, chemical and
biological transport analysis, military operations, UAS oper-
ations, e.g., package delivery, and personal air vehicles such
as the urban air mobility (UAM) concepts. Progress towards
understanding flows and turbulence in the urban atmosphere
and its effect on, for example, dispersion conditions has been
slow in large part because of experimental difficulties. A ma-
jor reason is the large degree of spatial and temporal hetero-
geneity of these flows that makes data collection a challenge.
The flow in the roughness sublayer (RSL) is strongly influ-
enced by the wakes of roughness elements such as individual
buildings, as shown in Figures 2 - 4. The resulting spatiotem-
poral variability is challenging to sample in three dimensions
at sufficient resolution. Consequently, atmospheric transport
and dispersion models have poor performance at the build-
ing scale because of the assumptions underlying these models,
e.g., horizontal homogeneity. For this reason, computational
fluid dynamics (CFD) models have been developed in recent
years with some comparisons to empirical data (Ref. 13).

A classification of various zones in the atmosphere over ur-
ban areas consists of the urban boundary layer (UBL), urban
canopy layer (UCL), and roughness sublayer (RSL) (Ref. 14).
As depicted in Figure 2, the UCL extends to the average build-
ing height while the RSL extends to multiple (≈ 2–5) times
the average building height. Of most interest for this paper
are processes up to the height of the RSL with a focus on con-
ditions close to the urban surface and inside street canyons.

To gain appreciation of the flow variation around these build-
ing structures, Figure 3 illustrates the 3D winds for an up-
wind direction of 355o. Arrows indicate wind speed and di-
rection where a non-uniform spacing technique was applied
to assist in visualizing flows that vary from the upwind con-
dition. Specifically, the arrow length indicates a proportional
change in wind magnitude from the upwind location, where
the arrow size at the highest elevation is a reference for the
upwind magnitude, and arrow color indicates angular devia-
tion. Stagnation points are visible as the wind impinges the
face of the buildings, as are creation of wake vortices on the

Figure 2. Description of urban boundary layers (adapted
from (Ref. 15))

leeside of the buildings, indicated by large reversals of wind
direction. Urban canyon effects are also visible, creating wind
shears and channeled flows. Figure 4 depicts a streamline plot
at four meters elevation where the creation of vortices on the
leeside of the buildings is more visible.

Figure 3. Example wind profile

Figure 4. Wind streamlines at 4m AGL

The wind flow and turbulence have a direct impact on the dis-
persion of the released agent, but tracer and agent dispersion
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Figure 5. Plume shape from a continuously emitting source in a) stable, b) neutral, and c) unstable atmospheric condi-
tions (adapted from (Ref. 16))

is also governed by atmospheric stability. Atmospheric sta-
bility refers to the ability of the atmosphere to allow vertical
motions and is determined using vertical gradients in temper-
ature and in moisture content. Many simplified models do
not consider stability effects of atmospheric flows and dis-
persion since they assume a so-called neutral atmosphere. A
neutral atmosphere means that the atmospheric temperature
decreases by 1oC per 100 m increase in height. For an un-
stable (stable) atmosphere, this decrease in temperature with
height is more (less) than 1oC per 100 m. If the temperature
increases with height, this is also called a temperature inver-
sion. Atmospheric vertical temperature profiles typically have
discontinuities, and the changes in humidity associated with
the temperature discontinuities are usually quite pronounced.
During daytime, the atmosphere is typically unstable and dur-
ing nighttime, typically stable.

It is well known that atmospheric stability affects atmospheric
dispersion and flows, including the flow pattern around build-
ings. If a source localization algorithm wants to take ad-
vantage of this knowledge, it is important that temperature
measurements are made on the UAS along with wind and
tracer concentration measurements. To illustrate some of the
complexities associated with sampling useful mean and tur-
bulence information from sUAS for the purpose of source lo-
calization, consider the shape of a tracer plume in a stable,
neutral, and unstable atmosphere as shown in Figure 5. For
the same mean wind speed and direction, the transport of the
plume will be similar for these conditions. However, the tur-
bulence determines whether a plume will stay very confined
(fanning/coning for the case of a stable/neutral atmosphere
and weak/moderate turbulent diffusion) or whether there is
large vertical transport of the plume (looping for the case of
an unstable atmosphere and strong turbulent diffusion). In the
left-side panel of each subfigure z refers to elevation above
ground, T atmospheric temperature, and Γ the dry adiabatic
lapse rate. The dashed line indicates the dry adiabatic lapse
rate and serves as a baseline for comparison with the environ-
mental, or current, lapse rate shown with the solid line.

For a UAS that takes measurements at moderate distances
downwind of a release point, the likelihood of detecting the
tracer is much more likely near the height of the release point
in the stable case than in the unstable case. On the other hand,
the likelihood of detecting the tracer is much more likely at

higher elevations in the unstable case than in the stable case.
If the source detection algorithm includes a vertical profile
to detect the source, the height at which the tracers are first
observed along with the vertical temperature gradient and ob-
served winds, can provide an initial guess of the source dis-
tance using a simple Gaussian plume model if on-board com-
putational resources are limited.

MULTI-ROTOR AERODYNAMICS

This section develops a general model for multi-rotor vehicles
that can be used in model-based estimation approaches, such
as the Bayesian estimator used in this paper. Due to a pro-
gram requirement to limit the time and frequency at which the
vehicle hovers to sample wind and concentration data, a pro-
cess model that captures dynamic flight at potentially large
advance ratios and general flight maneuvers is required. The
simplistic hover models often seen in the literature, where the
rotor thrust and torque are modeled as a constant multiplied
by the square of the rotor rotational speed, do not meet pro-
gram requirements and introduce uncertainty and error in the
estimation algorithm. The rotor H-force, sometimes called the
rotor drag, should also be included as can a pitching moment
generated by the rotor. Due to symmetry of some multi-rotor
vehicles, some papers remove the rolling moments produced
by the rotors; however, this term is retained for the formula-
tion presented in this paper. A generalization is also made that
allows the rotor hub frame to be rotated relative to the body-
frame. Blade flapping is included in the derivation to illus-
trate that the flapping motion creates an effective drag force,
in addition to the H-force, that is linearly dependent on air-
speed. Past research (Ref. 1) has shown that at low to mod-
erate speeds the drag from the H-force and flapping terms is
the dominant drag force. The H-force and flapping drag ef-
fects are combined later in the paper when system identifica-
tion techniques are used to estimate parameters of a postulated
model structure. The parasitic drag from the fuselage, depen-
dent on the square of airspeed, becomes the dominant drag
force at higher speeds.

A summary of quadrotor aerodynamics is provided following
the generation of blade forces and moments developed using
blade element theory (BET). The material largely follows that
of Johnson (Ref. 17) but also borrows from Prouty (Ref. 18)
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and Leishman (Ref. 19). A general vehicle model structure
is derived from this analysis of the rotor forces and moments.
The parameters of the model structure are then identified us-
ing system identification with surrogate flight data generated
from a high-fidelity multi-rotor simulation (Ref. 20). The
system identification approach uses statistically-sound algo-
rithms to guide model creation in a semi-automated, or com-
pletely automated, process (Refs. 21, 22). The overall ap-
proach is founded on maximum likelihood estimation theory
and is applicable to different vehicle types, requiring a frac-
tion of the data needed for deep learning approaches.

Multi-rotor Dynamics

In many respects a quadrotor is a simplified version of tradi-
tional rotary-wing vehicles such as helicopters and tiltrotors.
The simplification arises from multiple sources such as the
symmetry of the vehicle design, eliminating cross-coupling
terms in the moment of inertia tensor, and lack of a swash-
plate on the rotor system, replaced with direct speed control
of the rotors with fixed-pitch blades. The dynamic model im-
plemented for this program uses a rigid-body formulation and
assumes rigid blade flapping but that blade elastic deformation
and lead-lag motion are negligible. The derivation generally
follows that found in helicopter aerodynamic theory with sim-
plifying assumptions noted. The resulting equations guide the
selection of a process model suitable for general flight to be
used in the wind estimation algorithm.

Consider a multi-rotor aircraft, modeled as a rigid body of
mass m. Let unit vectors {xI ,yI ,zI} define an earth-fixed,
local geodetic, inertial North-East-Down (NED) orthonormal
reference frame, FI, as shown in Figure 6a. Let the unit
vectors {xb,yb,zb} define the orthonormal body-fixed frame,
FB, centered at the aircraft center of mass where the xb-yb
plane defines the aircraft’s horizontal plane and zb points out
the bottom. The body frame follows common aerospace no-
tation with the positive x-axis pointing out the nose and the
positive y-axis out the right wing.

Define a rotor hub frame with the unit vectors (xh,yh,zh).
The rotor hub frame has the zh axis aligned with the rotor
shaft and pointing down, the xh axis points out the nose, as
xb, but may be rotated by some angle θh about yh to align
zb with the rotor shaft, and yh completes a right-hand frame.
In general, the rotor hub frame may be rotated relative to the
body-frame by angles (φh,θh,ψh). If these angles are all zero,
then the rotor hub frame is parallel to the body-frame.

The position of the body frame with respect to the inertial
frame is given by the vector r = [x y z]⊤. The attitude of the
aircraft is given by the rotation matrix, RI

B, that maps free
vectors in FB to FI. Consider the Euler angle parameteriza-
tion:

RI
B = e[e3×]ψ e[e2×]θ e[e1×]φ

where φ , θ , and ψ are the roll, pitch, and yaw angles of the
aircraft, respectively. Here, e1 = [1 0 0]⊤, etc., and [(·)×] is
the skew-symmetric cross product equivalent matrix satisfy-
ing [a×]b = a× b. Let Vb = [u v w]⊤ and ω = [p q r]⊤ be

(a) Primary reference frames

(b) Inertial and steady-state wind frames

Figure 6. Primary reference frames and wind direction

the translational and rotational velocity of the aircraft with re-
spect to FI expressed in FB, respectively. With this choice of
Euler angles, the kinematic equations of motion are:

ṙ =RI
BVb (1a)

ṘI
B =RI

B[ω×] (1b)

With Θ := [φ θ ψ]⊤, Eq. (1b) becomes

Θ̇=LIBω =

1 sinφ tanθ cosφ tanθ

0 cosφ −sinφ

0 sinφ secθ cosφ secθ

p
q
r

 (2)

The forces and moments on the aircraft expressed in FB are
a summation of effects from the aerodynamics, rotors, and
gravity: F = [X Y Z]⊤ and M = [L M N ]⊤.

F = m
(
V̇b +ωb ×Vb

)
= FA +FR +FG (3)

M = Ibω̇b +ωb × Ibωb = MA +MR (4)

where Ib is the moment of inertia matrix about the center of
mass in FB, the subscript A indicates the forces and moments
generated by the airframe or all non-rotating elements, the
subscript R indicates the forces and moments generated by
the rotors, and G indicates inertial forces. Due to symmetry
the cross-coupling inertia terms are assumed negligible. The
components of the external force vector F and moment vec-
tor M are the summed contributions of each subsystem in the
given direction.

Velocity in the inertial frame FI, is expressed by the vector
VI

b = RI
BVb. The rotation matrix is orthonormal, so the in-

verse can be found by taking the transpose which provides
a rotation from the inertial to body frame RB

I . Winds and
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turbulence are generated in the inertial frame with a positive
direction opposite to that of the inertial frame, so the air-
speed vector in the inertial frame is VI

a = VI
b + VI

w, where
VI

w = [wx,wy,wz]
T is the wind velocity expressed in the iner-

tial frame. In this manner the winds are added to the inertial
velocity of the vehicle to produce an airspeed relative to the
airmass. Figure 6b illustrates the inertial and wind frames.

Rotor Velocities

This section describes the motion and velocities used by a
rotor system. Figure 7a illustrates the motion of the rotor
with respect to a reference frame and free stream velocity Va,h
which is at an incidence angle i relative to the rotor reference
frame. The incidence angle i is positive in forward flight con-
ditions with a forward tilt of the rotor disc. The development
in this section uses the incidence angle to derive rotor veloci-
ties which offers a natural choice for rotor analysis. However,
for modeling a vehicle with flight data, body-velocities can
be preferable and so in subsequent sections, the rotor forces
and moments are expressed with velocities in the body axis.
As shown here, the reference frame depicts a forward flight
condition and the reference frame is the hub frame rotated by
180o about the yh axis. For general flight conditions the ref-
erence frame is rotated by an angle ψhw about the z axis so
the y component of Va,h is zero, as shown in Figure 7a. The
out-of-plane blade motion is described by the flapping angle
β (ψ) and is a function of the azimuth angle ψ . The blade
pitch is θ(r) described as the angle of the blade relative to the
reference plane and varies with radial station, r.

(a) Rotor motion and velocity relative to a refer-
ence frame

(b) Rotor forces and dimensionless velocities

Figure 7. Rotor motion, velocities, and forces relative to a
defined reference frame (adopted from (Ref. 17))

The rotor forces defined in the reference frame are shown in
Figure 7b and include the thrust T , the H-force H which is a

drag force acting along the reference plane, and a sideforce
Y . The free stream velocity at the rotor hub is a combination
of the velocity at the vehicle CG, rotational rates, and winds,
expressed in the body-frame as:

Vb
a,h =

(
Vb +Rb

I VI
w

)
+ω × r j (5)

where ω is the vehicle rotational rate and r j is a vector
from the vehicle CG to the jth rotor, see Figure 6a. Non-
dimensional velocities µ , the advance ratio, and λ , the nor-
malized inflow ratio, are also introduced in this figure. These
velocities are the non-dimensional components of Va,h paral-
lel and perpendicular to the reference frame, respectively, and
are defined as:

µ =
Va,h cos i

ΩR
(6)

λ =
Va,h sin i+ν

ΩR
= µ tan i+λi +λc cos i

where ν is the inflow velocity, λi is the induced inflow ratio,
and λc = Vc/(ΩR) is the climb ratio and Vc is the climb rate.
This equation for induced inflow applies to horizontal and ver-
tical flight and can be found with momentum theory (Ref. 19).
First define the dimensional induced inflow:

ν =
ν2

h√(
Va,h cos i

)2
+
(
Va,h sin i+ν

)2
(7)

where ν2
h = T/2ρA is the inflow at hover. Define Vx =

Va,h cos i and Vz = Va,h sin i. For multi-rotors with Nrot rotors,
equal thrust sharing is assumed at hover, such that:

ν
2
h =

mg/Nrot

T/2ρA
(8)

The inflow ratio normal to the rotor disc is:

µz =
Vz

ΩR
=

Va,h sin i
ΩR

= µ tan i (9)

and note the induced inflow ratio at hover λh =
√

CT/2. The
induced inflow ratio λi can then be written as:

λi =
ν

ΩR
=

λ 2
h

2
√

µ2 +λ 2
=

CT

2
√

µ2 +λ 2
(10)

From this the general form of the inflow equation is derived,
which can usually be solved efficiently with a numerical rou-
tine:

λ = µ tan i+
CT

2
√

µ2 +λ 2
+λc cos i (11)

If the rotor is in edgewise flight, i = 0, there is an exact solu-
tion for induced velocity (Ref. 18):

ν
2 =−V 2/2+

√
(V 2/2)2 +ν4

h (12)
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(a) Rotor coning (b) Longitudinal flap angle (view from left) (c) Lateral flap angle (view from aft)

Figure 8. First-order harmonic blade flapping motion (adopted from (Ref. 17))

Blade Geometry & Flapping

The blade pitch and chord varies with radial station. The blade
pitch can be approximated with a linear twist distribution as
θ(r) = θo + θtwr where θo is the pitch at the blade root and
θtw is the slope of the pitch variation along radial station r.
A linear twist model is used since the inboard sections of the
blade generate small forces due to low dynamic pressure. A
linear variation with chord could also be used but an average
chord value is used in this work.

The blade coning and flapping represents the out-of-plane mo-
tion the blade experiences as it rotates, caused by an asymmet-
ric aerodynamic environment in forward flight. The motion is
periodic with a fundamental frequency equal to that of the ro-
tor speed, Ω, and can be represented with a Fourier series,
where only the first harmonic terms are retained:

β (ψ) = βo +β1c cosψ +β1s sinψ (13)

Each term can be explained when viewed in the non-rotating
frame as shown in Figure (8). The mean-value of the flap
angle is given by βo and is known as the coning angle. As seen
in Figure 8a βo causes the blades to deflect by the same angle
independent of azimuth position. The tips of the blades trace
a plane through space parallel to the reference (xy) plane and
is called the tip-path plane (TPP). Pure coning, or the absence
of longitudinal and lateral flap, occurs at hover and in axial
flight under normal operating conditions. Longitudinal tilt of
the TPP is described by the angle β1c and the lateral tilt by β1s.
Thus, the orientation of the TPP relative to the non-rotating
frame is provided by the angles β1c and β1s.

The thrust T is perpendicular to the TPP and rotated by the
first-harmonic blade flap angles relative to the non-rotating
frame. The aft tilt of the thrust vector relative to the free
stream velocity creates a drag term and the lateral tilt creates
a sideforce term. The blade-flapping motion creates an ef-
fective drag term that, combined with the rotor H-force, is the
dominant drag source for low to moderate advance ratio flight.
In the following section that discusses the full vehicle model
structure, the blade flap effects are lumped together with the
H-force with a term that is linearly dependent on airspeed.

Rotor Aerodynamics: Blade Element Theory

This section provides an overview of rotor aerodynamics
based on blade-element theory and is suitable for the vehicle
at hover, forward flight, and axial flight; however, the presen-
tation will focus on the vehicle in forward flight. The follow-
ing simplifying assumptions are made:

1. Rigid blade flapping is the only blade motion, i.e., elastic
blade deformation and lead-lag motion is assumed neg-
ligible

2. Tip loss, root cutout, and the effects of the reverse flow
region are ignored

3. Rotor speed control is active and is there is no collective
or cyclic pitch inputs

4. Sufficiently accurate modeling can be achieved with an
averaged uniform inflow model

5. The aerodynamics at a blade section, or element, can be
captured with two-dimensional airfoil theory such that
the influence of the rotor wake is simplified to an induced
velocity at the blade element.

6. Compressibility and stall effects are assumed negligible.

The motion and forces generated by the entire rotor relative
to a reference frame are first described, followed by analysis
of the forces at a blade element a distance r from the center
of rotation. The blade element forces are integrated along the
rotor radius and over one complete revolution to arrive at the
forces and moments generated by the rotor.

The velocities and forces acting on the blade element are pre-
sented in Figure 9a where a non-rotating reference frame is
used to measure the angles. The components of the velocity
of the air relative the blade section consist of the tangential uT
and perpendicular uP components. The angle φ is called the
inflow angle. The following relationships are found:

V =
√

u2
T +u2

P

φ = tan−1
(

uP

uT

)
α = θ −φ
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The tangential velocity component can be written in non-
dimensional form by recalling the velocity of the rotor hub
from Eq. (5) and adding to this the velocity given by the rotor
rotation at blade element r. The tangential velocity of a blade
element in the non-rotating reference frame is (note expres-
sion of the velocity in the body-frame is dropped here):

UT = rΩ+Va,h cos(i)sin(ψ) −→
normalize

uT = r+µ sin(ψ) (14)

(a) Forces and velocities at a rotor element (looking outboard)

(b) Forces and velocities at a
rotor element (top view)

Figure 9. Inspection of forces and velocities for a rotor el-
ement

The velocity perpendicular to the reference plane has three
terms: 1) the induced velocity plus the component of the
free stream velocity normal to the rotor disc, ΩRλ , where
λ = µi+ λi, 2) the angular velocity of the blade about the
flap hinge point, r dβ

dt , and a component of the radial veloc-
ity normal to the blade when the blade flaps by the angle β ,
ΩRβ µ cosψ . The non-dimensional form of the perpendicular
velocity is then:

uP = λ + rβ̇ +β µ cosψ (15)

The elemental forces are also shown in Figure 9a where the
lift (L) is normal to the resultant velocity, drag (D) is parallel
to the velocity and opposes the blade motion. These forces
can be resolved into the axes of the reference frame as Fx,Fz,
and a radial force Fr that is positive when pointing outboard.

The lift and drag resolved in the reference frame yields:

Fz = Lcosφ −Dsinφ (16)
Fx = Lsinφ +Dcosφ (17)
Fr =−βFz (18)

A number of simplifying assumptions are now made includ-
ing the small angle assumption and neglecting stall and com-
pressibility effects. The following simplified expressions for
the forces, written in non-dimensional form, are found where
both sides are divided by the lift-curve slope, a, and average
chord, c:

Fz ∼= L −→ Fz

ac
=

1
2

u2
T α =

1
2
(
u2

T θ −uPuT
)

(19)

Fx ∼= Lφ +D −→ Fx

ac
= u2

T

(
α

2
φ +

Cd

2a

)
(20)

=
1
2
(
uPuT θ −u2

P
)
+

Cd

2a
u2

T

Fr ∼=−βL −→ Fr

ac
=

−β

2
(
u2

T θ −uPuT
)

(21)

The average aerodynamic forces and moments generated by
the rotor are found by integrating the elemental forces across
the blade radius (R) and over one revolution. The sideforce
is omitted in this derivation. There is also a torque generated
about the axis perpendicular to the rotor disc. These forces
and moment are expressed as:

T = nb
1

2π

∫ 2π

0

∫ R

0
Fzdr dψ (22)

H = nb
1

2π

∫ 2π

0

∫ R

0
(Fx sinψ +Fr cosψ)dr dψ (23)

Q = nb
1

2π

∫ 2π

0

∫ R

0
rFxdr dψ (24)

where nb is the number of blades. Non-dimensional coeffi-
cients are defined as:

CT =
T

ρA(ΩR)2 CH =
H

ρA(ΩR)2 (25)

CQ =
Q

ρA(ΩR)2 R
CR =

R
ρπR5Ω2

where ρ is the air density, A is the area of the rotor disc, and
CR is the rolling moment coefficient. Also, define the rotor
solidity as the ratio of the blade area to that of the total disc:

σ =
nbc(r)R

πR2 ≈ nbc
πR

(26)

where an average chord is used to arrive at the last expression.
By analogy to airplane aerodynamics CT corresponds to span
loading and the term CT

σ
corresponds to lift coefficient and

can be used to determine the margin to blade stall in a similar
manner as Cℓ is used to find the margin for wing stall (Ref. 18).

Rewriting Eqs. (22) - (24) in non-dimensional form results in:
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CT

σa
=

1
2π

∫ 2π

0

∫ 1

0

Fz

ac
dr (27)

=
1

2π

∫ 2π

0

∫ 1

0

1
2
(
u2

T θ −uPuT
)

dr dψ

CQ

σa
=

1
2π

∫ 2π

0

∫ 1

0
r

Fx

ac
dr dψ (28)

=
1

2π

∫ 2π

0

∫ 1

0
r
[

1
2
(
uPuT θ −u2

P
)
+

Cd

2a
u2

T

]
dr dψ

CH

σa
=

1
2π

∫ 2π

0

∫ 1

0

(
Fx

ac
sinψ +

Fr

ac
cosψ

)
dr dψ (29)

=
1

2π

∫ 2π

0

∫ 1

0

{
sinψ

[
1
2
(
uPuT θ −u2

P
)
+

Cd

2a
u2

T

]

−β

[
1
2
(
u2

T θ −uPuT
)]

cosψ

}
dr dψ

where expressions for β ,uT , and uP, and are given in
Eqs. (13), (14), and (15), respectively.

The pitching and rolling moments can be found by:

Cmy

σa
=− 1

2π

∫ 2π

0

∫ 1

0
r cosψ

Fz

ac
dr dψ (30)

=−1
2

(
−1

6
βoµ − 1

16
β1cµ

2 − 1
8

β1c

)

Cmx

σa
=

1
2π

∫ 2π

0

∫ 1

0
r sinψ

Fz

ac
dr dψ (31)

=
1
2

[
1
8

β1s

(
1− 1

2
µ

2
)
+

1
3

µ

(
θo +

3
4

θtw − 3
4

λ

)]
In some derivations found in the literature, the pitch moment
Cmy integrates to zero. It does not here due to the definition
of uP in Eq. (15). If we set uP = λ then Cmy will integrate to
zero. The same is true for the β1s term in the rolling moment
expression.

Flapping Hinge Spring These expressions for the pitch and
roll moments do not consider a hinge spring moment which is
commonly found on multi-rotor blades that can have a hinge-
less rotor design. By including the hinge spring moment ex-
pressions for the pitch and roll moments can be derived. The
hinge spring in hingeless rotors is due to the flex near the root
while hinged-rotors have a dedicated mechanical hinge. For
multi-rotors, the hinge spring is a virtual structural hinge due
to the structural properties of the blade. Including the hinge
spring changes the dynamics of the blade flapping and im-
poses an additional moment on the hinge which is transmitted
to the vehicle through the rotor hub. This augments the agility
of the vehicle. An articulated rotor with no hinge offset does
not experience this hinge moment and aircraft moments are

generated by tilting the TPP (for a helicopter).

Including the hinge spring moment, Kβ β where Kβ is the
spring coefficient, leads to a non-dimensional flapping fre-
quency ratio defined as:

λ
2
b = 1+

Kβ

IbΩ2 (32)

where Ib =
∫ R

0 r2m(r)dr is the blade flapping moment of iner-
tia and m(r) is the linear mass density along the blade radius.
The term λ 2

b is the ratio of the flapping motion natural fre-
quency to that of Ω. When Kβ is zero, as in an articulated ro-
tor, the ratio is unity and the blade has a flap frequency equal
to Ω. In this scenario, the rotor acts like a system in resonance
and has a 90o phase lag to inputs. When λ 2

b > 1 the blade flap
frequency is slightly less than the rotational rate and the rotor
responds to an input excitation with slightly less than the 90o

phase lag seen by a system in resonance. The pitch and roll
moments can then be expressed as (Ref. 17):

Cmy

σa
=−1

2
λ 2

b −1
γ

β1c (33)

Cmx

σa
=

1
2

λ 2
b −1

γ
β1s (34)

where γ = ρacR4

Ib
is the Lock number and represents the ratio

of aerodynamic to inertial forces on the blade.

Collected Rotor Forces & Moments & Simplification

The relevant rotor forces and moments are now collected
for readability and simplifications are applied to adopt the
model for estimation and control approaches. The H-force
and torque expressions are divided into induced and profile
terms. The induced terms are those required to fly and in-
clude the terms involving the lift force. The induced terms
are denoted with a subscript i while the profile terms have a
subscript p.

Performing the integration in Eqs. (22) - (24), and simplifying
provides the following rotor thrust, H-force, torque, pitch, and
rolling moments, collected below. Note that these forces and
moments are expressed in the rotor-hub frame at this stage.
The first simplification is that the blade flap angles are gener-
ally small, such that multiples of flap components and higher-
powers can be neglected. This has the greatest effect to sim-
plify CHi and CQi:

CT =
σa
2

[
θo

3

(
1+

3
2

µ
2
)
+

θtw

4
(
1+µ

2)− λ

2

]
(35)

CHi =
σa
2

[
θo

3

(
3
2

µλ −β1c

)
+

θtw

4
(µλ −β1c)+

3
4

β1cλ

]
CH p =

σCd

4
µ

9



CQi =
σa
2

[
1
3

λθo +
1
4

λθtw +µ

(
−1

2
β1cλ

)
− λ 2

2

]
(36)

CQp =
Cdσ

8
(
1+µ

2)
Cmy

σa
=−1

2
λ 2

b −1
γ

β1c

Cmx

σa
=

1
2

λ 2
b −1

γ
β1s

The profile H-force CH p depends on the linear air velocity rep-
resented by the advance ratio µ . There are also a number
of terms in the induced H-force coefficient, CHi, that involve
the advance ratio and blade flap terms, revealing that there
is a direct dependency of this drag term on linear air speed
and blade flapping. The parasitic drag from the fuselage and
non-rotating elements, proportional to the square of the air ve-
locity, becomes dominant at higher speeds and could also be
included in a model used for wind estimation.

Recall that the rotor rotational rate is part of the dimension-
alization constant. Thus, the primary independent variables
that could be used to model the rotor include the horizontal
advance ratio µ , inflow ratio λ which includes the vertical ad-
vance ratio µz, rotor rotational rate Ω, and flapping angles.
These observations are now included in a model for the entire
vehicle that can be used in the wind estimation algorithm.

General Multi-rotor Model Structure based on First-
Principles

A process model used in the wind estimation algorithm is de-
veloped in this section. This model is based on the rotor aero-
dynamics presented in the preceding section, with parameters
identified with system identification techniques. Much of the
current literature on multi-rotor dynamics modeling identifies
a lumped-parameter model in linear state space form in the
time domain or low-order transfer functions in the frequency
domain (Refs. 23–25). Some works begin with physical prin-
ciples and state or derive the forces and moments produced by
a single rotor, such as (Refs. 26, 27). However, there is a gap
between the rotor aerodynamics and the determination of an
identifiable multi-rotor model, especially for flight conditions
beyond hover. A hypothesized model structure of a multi-
rotor in forward flight using the results from the individual
rotor analysis is presented. By lumping constant parameters,
and adding airframe-specific effects, parameters of the model
can be identified from flight or simulator data. The approach
mostly resembles that from (Ref. 27).

Rotor in Forward Flight Consider a nb-blade rotor of radius
R with an angular speed of Ω

rad
s in steady forward flight with

airspeed V at some incidence angle, i. The thrust (T ), torque
(Q), hub force (H), and rolling moment (R) produced by this
rotor can be expressed as Eqs. (36) and (37).

The inflow velocity can be expressed with Eq. (12) using
momentum theory assuming the disk is at zero angle-of-

incidence moving horizontally. To simplify the dependence
on V , notice inflow can be well-approximated by a quadratic
polynomial. However, this still leads to high order terms in
the model such as V 4, which are not easily identified from
flight data. Therefore, an additional simplification is made to
approximate the inflow velocity to be linear in airspeed:

ν ≈ ν0 +Cν1V (37)

which is the case in momentum theory of ascending flight.
Here, ν0 is found by evaluating Eq. (12) at zero airspeed
(hover).

Without loss of generality, let nb = 1. Collecting terms yields
the following for the thrust coefficient, where the parameters
have been explicitly identified:

CT =

ac
(

θ0
6 + θtw

8

)
πR


︸ ︷︷ ︸

CT0

+

(
−acCν1

4πR

)
︸ ︷︷ ︸

CTµ

V
ΩR

+ (38)

ac
(

θ0
4 + θtw

8

)
πR


︸ ︷︷ ︸

CT
µ2

V 2

Ω2R2 +

(
−ac
4πR

)
︸ ︷︷ ︸

CTν

ν0

ΩR
+
( ac

4πR

)
︸ ︷︷ ︸

CTµz

w
ΩR

This expansion is performed for each of the force and moment
coefficients. Rewriting in terms of lumped parameters yields:

CT =CT0 +CTµ
µ +CT

µ2 µ
2 +CTν

ν0

ΩR
+CTµz µz (39a)

CQ =CQ0 +CQµ
µ +CQ

µ2 µ
2 +CQµν

µ
ν0

ΩR
(39b)

+CQµµz µµz +CQν

ν0

ΩR
+CQ

ν2

ν2
0

Ω2R2 +CQµz µz

+CQµ
z2

µ
2
z +CQµzν

µz
ν0

ΩR
(39c)

CH =CHµ
µ +CH

µ2 µ
2 +CHµν

µ
ν0

ΩR
+CHµµz µµz (39d)

CR =CRµ
µ +CR

µ2 µ
2 +CRµν

µ
ν0

ΩR
+CRµµz µµz (39e)

Multi-rotor Definitions and Assumptions Although it is
possible to identify a model summing all the rotor forces and
moments, the extensive, high-order, nonlinear model structure
would make parameter identification challenging. Instead, the
rotor force and moment equations help to hypothesize a set
of candidate regressors, including regressors specific to air-
frame aerodynamics. Further, instead of treating individual
rotor speed as the system input, the following motor mixing is
used: 

δ t
δa
δe
δ r

= Mix


Ω2

1
Ω2

2
...

Ω2
Nrot

 (40)
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where Mix is determined by the geometry of the multi-rotor
with Nrot rotors. The system inputs can then be expressed
in terms of δ t for throttle or collective, δa for aileron, δe for
elevator, and δ r for rudder. Additionally, to capture terms that
appear such as (−Ω1 +Ω2 +Ω3 −Ω4), define the notation:

Ω
√

δ t
Ω
√

δa
Ω
√

δe
Ω
√

δ r

 := Mix


Ω1
Ω2
...

ΩN

 (41)

For example, a quadrotor in a symmetric “X” configuration
may have the mixing:

δ t
δa
δe
δ r

=


1 1 1 1
−1 −1 1 1
1 −1 −1 1
1 −1 1 −1




Ω2
1

Ω2
2

Ω2
3

Ω2
4

 (42)

Furthermore, this problem presents some nuances that do not
appear with a single rotor. First, the rotor forces and mo-
ments are now defined in the body frame. Therefore, the rotor
side force coefficient, CY , and pitching coefficient, CP, are no
longer zero. Thus, the direction of the velocity vector now
matters - not just the airspeed. The advance ratios that appear
in Eq. (40) are not simply defined by airspeed at the aircraft’s
CG. Instead, one must use the component of the velocity vec-
tor that influences the force or moment in question plus the
contribution of the velocity at the rotor hub due to the vehi-
cle angular velocity. However, this approach gives a compli-
cated structure where the virtual actuators cannot fully replace
the rotor speeds. Therefore, the following assumption and re-
marks are made:

Assumption 1 The vehicle angular velocity contributes to
the local advance ratios which define the rotor forces and mo-
ments. These effects can be approximated by additional terms
in each force/moment equation that depend on the vehicle an-
gular velocity.

Remark 1 The velocity vector used to determine the airspeed
that defines µ in CT and CQ is the projection of v onto the
b1 −b2 plane (i.e.

√
u2 + v2).

Remark 2 The velocity vector used to determine the airspeed
that defines µ in CH , CY , CR, and CP is the component of v
along the axis of that force or moment arm, respectively (i.e.
u for CH and CR; v for CY and CP).

Multi-rotor Forces and Moments A 6 degree-of-freedom
(DOF) model structure is now postulated taking inspiration
from these results. This model structure is given with system
identification from flight and/or simulation data in mind (as
opposed to wind tunnel and rotor data). Furthermore, terms in
this model structure can be removed or added through a model

structure determination approach, such as multivariate orthog-
onal function modeling or step-wise regression (Ref. 21).

Consider a quadrotor in a symmetric “X” configuration as pic-
tured in Figure 10 with the motor mixing defined in Eq. (43).
The following derivation considers four equally spaced, iden-
tical rotors; however, the final result is agnostic to the number
of rotors. In general, the force of the i-th rotor expressed in
the body frame is:

Fi = ρR4
Ω

2
i

−CHi

CYi

−CTi

 (43)

where CYi is the hub force in the body y direction. Similarly,
the moment about the aircraft’s center of gravity produced by
the ith rotor is

Mi = εiρR5
Ω

2
i

−CRi

CPi

−CQi

+ri ×Fi (44)

where CPi is the pitching moment of the rotor and εi ∈
{−1,+1} represents the rotor direction. For example, the mo-
ment due to rotor number one (geometry defined in Figure 10)
is:

M1 = ρR4
Ω

2
1

−R

−CR1
CP1
−CQ1

+

−bCT1 +hCY1
bCT1 +hCH1
b(CH1 +CY1)

 (45)

Summing the forces and moments for all four rotors, substitut-
ing the virtual actuator definitions from Eq. (43) and (42), and
using Assumption 1, results in Eq. (47), where b is the radial
distance from the CG to each rotor hub, V =

√
u2 + v2 +w2,

and
√

δ t can be thought of as a rotor speed magnitude.

The parameters highlighted in red were dropped from the fi-
nal model structure as explained in the following section. A
non-dimensional form of these equations can also be derived.
There are no airframe-specific drag terms in the above force
and moment equations. It is assumed that such effects are
lumped in with other identified parameters. For this reason,
the identified CHµ

and the X and Y force equations may differ.

System Identification Results

Although the state trajectories of a multi-rotor may be open-
loop unstable, e.g., near hover, an open-loop model is identi-
fied from closed-loop flight data. A high-fidelity multi-rotor
simulation developed at NASA (Ref. 20) is used to gener-
ate surrogate flight data. The inputs to the multi-rotor from
the controller are motor throttle commands as a percentage of
maximum motor speed. Due to the structure of the simulator,
an excitation signal was injected at the throttle commands to
each motor. The excitation input is a 4-axis phase-optimized
orthogonal multisine signal for the virtual actuator multiplied
by the pseudo-inverse of Mix, thus retaining orthogonality and
decorrelation of the inputs in the input signal. The optimized
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Figure 10. Quadrotor configuration

orthogonal multisine excitation signal is designed as a pertur-
bation command with wideband frequency content over a de-
sired frequency range. It features nearly uniform power over
the selected frequency band and provides decorrelated input
signals due to the orthogonality property. Phase shifts for the

sinusoidal components of each input are optimized to achieve
low peak-to-peak amplitude and high input energy content for
the sum of sinusoids. Amplitudes of the individual sinusoidal
components can be chosen to achieve a specific power distri-
bution (Ref. 21).

X = ρπR2u
(

CXHµ
R Ω
√

δ t +Nrot

(
CXH

µ2
usign(u)+CXHµµz

w+CXHµν
ν0

))
(46a)

Y = ρπR2v
(

CYHµ
R Ω
√

δ t +Nrot

(
CYH

µ2
vsign(v)+CYHµµz

w−CYHµν
ν0

))
(46b)

Z =−ρπR2
(

CZT0
R2

δ t +CZTν
Rν0

Ω
√

δ t +CZTµ
R
√

u2 + v2 Ω
√

δ t +CZTµz
Rw Ω

√
δ t +NrotCZT

µ2
(u2 + v2)

)
(46c)

L = ρπR2
(

bR
(

ClT0
Rδa−ClTν

ν0
Ω
√

δa+ClTµ

√
u2 + v2 Ω

√
δa+ClTµz

w Ω
√

δa
)
+ClRµ

R2u Ω
√

δ r+ClHµ
hRv Ω

√
δ t+ (46d)

Nrothv
(

ClH
µ2

vsign(v)−ClHµµz
w+ClHµν

ν0

)
+Clp,δ t b

2 p
√

δ t +Clp

b
ν0

V 2 p
)

M = ρπR2
(

bR
(

CmT0
Rδe+CmTν

ν0
Ω
√

δe+CmTµ

√
u2 + v2 Ω

√
δe−CmTµz

w Ω
√

δe
)
+CmRµ

R2v Ω
√

δ r−CmHµ
hRu Ω

√
δ t+ (46e)

Nrothu
(

CmH
µ2

usign(u)+CmHµµz
w−CmHµν

ν0

)
+Cmq,δ t b

2q
√

δ t +Cmq

b
ν0

V 2q
)

N = ρπR2
(

CnQ0
R3

δ r+CnQν
R2

ν0
Ω
√

δ r+CnQµ
R2

√
u2 + v2 Ω

√
δ r+CnQµz

R2w Ω
√

δ r+bCnHµ

(
u Ω
√

δa+ v Ω
√

δe
)
+ (46f)

Cnr,δ t b
2r
√

δ t +Cnr

b
ν0

V 2r
)

The model structure of Eq. (47) is hypothesized for gen-
eral flight conditions and the excitation signal is designed to
cover a range of rates and attitudes. Therefore, a 3-axis low-
frequency multisine (0.001 to 0.01 Hz frequency range) is
added to the motor excitation signal to command reference
roll, pitch, and yaw attitudes. The effects of using this refer-
ence signal in conjunction with the multisine excitation signal
can be seen in Figure 11. In this figure, the high-frequency
content (solid lines) results from the excitation signal com-
manded to the motors and the low-frequency content (dashed
lines) maneuvers the vehicle through a range of operating
conditions. This approach is similar to the one presented
in (Ref. 28) where a fixed-wing aircraft was commanded to
maneuver through a range of angles-of-attack while optimized

multisine signals created information rich input-output data
used to generate a global nonlinear model.

A single maneuver consisting of 5 seconds of hover and 2
minutes of excitation was used to identify the parameters in
(47). Step-wise regression was employed to refine the model
structure (Ref. 21). The step-wise regression results showed
all parameters to be statistically significant; however, the pa-
rameters highlighted in red had large standard errors and 95%
confidence intervals crossing zero. These regressors were re-
moved from the model. Additionally, step-wise regression re-
vealed that additional bias terms for each axis were small.

Equation-error parameter estimation was used to estimate the
remaining parameters (Refs. 21,22). The results of the model
fit are tabulated in Table 1 for each force and moment. The
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Figure 11. Excited attitude

coefficient of determination, R2 is used to quantify the accu-
racy of the identified model. The coefficient of determination
provides a proportional sum-of-squares measure of the model
fit and indicates the percentage of the variation in the obser-
vations explained by the model. The square of the model fit
error s2 = (∑N

i=1[z(i)− ŷ(i)]2)/(N − np) is also used to eval-
uate the accuracy of the identified model. Here, z(i) is the
measurement at the ith time step, ŷ(i) is the estimated output
at this time, N is the number of time steps, and np is the num-
ber of parameters. The s2 metric is the square of the average
distance between the estimated and measured values, reported
in the physical units squared.

Table 1. Equation error results
Axis R2(%) s2

X 99.5 2.1972e-04
Y 88.7 1.8476e-04
Z 95.0 2.0359e-02
L 92.0 5.9820e-04
M 94.4 4.7276e-04
N 54.3 1.3082e-02

The estimated parameter values and 95% confidence intervals
are given in the appendix in Table 5. The known constant
parameters used in Eq. (47) are given in Table 2.

Table 2. Vehicle parameters

Nrot ρ

[
slug
ft3

]
R[ft] b[ft] g

[
ft
s2

]
ν0

[ ft
s

]
4 0.002377 0.5833 0.6681 32.174 17.43

The model fit on this training maneuver is shown in Fig-
ure 12a. The parameters were identified using training data
spanning the region described in Table 3, approximating the
valid domain of this model.

The R2 and s2 metrics indicated the accuracy of the identified
model on the training data, but do not provide any predictive
information. The model’s predictive capability, tabulated in

Table 3. Model domain
Variable Units 5th percentile 95th percentile

u ft/s -12.56 11.87
v ft/s -12.82 13.45
w ft/s -2.617 1.547
p rad/s -0.422 0.421
q rad/s -0.421 0.421
r rad/s -0.417 0.417

δ t ( rad
s )2 ×105 4.157 8.206

δa ( rad
s )2 ×105 -0.503 0.526

δe ( rad
s )2 ×105 -0.512 0.544

δ r ( rad
s )2 ×105 -0.796 0.796

Ωi rad/s 318.2 464.6

Table 4, is evaluated using Theil’s inequality coefficient:

TIC =

√
1
N (z− ŷ)⊤(z− ŷ)√
1
Nz

⊤z+
√

1
N ŷ

⊤ŷ
(47)

and normalized root mean squared error (NRMSE):

NRMSE =
1

range(z)

√
(z− ŷ)⊤(z− ŷ)

N
(48)

where z is a column vector of measurements, ŷ is a col-
umn vector of estimated outputs, and N is the number of data
points. For both TIC and NRMSE, 0 indicates a perfect fit.
Theil’s inequality coefficient is useful in comparing the results
with other models or data sets, as it is normalized between 0
and 1. In air vehicle system identification a value less than
0.3 is often considered sufficient (Ref. 29). The NRMSE is
used to give a measure of the predictive ability of the model
against independent data. The normalization makes compari-
son between axes straightforward.

The identified model is validated against an independent ma-
neuver excited by a different multisine signal and attitude ref-
erence signal, as seen in Figure 12b. The identified model
shows desirable predictive capability for the modeled forces
and moments with the exception of the yaw moment, which
exhibits increased mismatch relative to the other axes. This
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(a) Model fit (b) Force and Moment validation

Figure 12. Nonlinear model fit and validation

discrepancy could be resolved with additional modeling data.
It is also possible that, since the vehicle is underactuated, it
does not possess sufficient control authority to track com-
mands in all six axes simultaneously and an improved fit could
be found by collecting modeling data with an independent
yaw axis maneuver. This can be investigated in future work.

Table 4. Model predictive metrics
Axis TIC NRMSE

X 0.1676 0.0750
Y 0.1574 0.0809
Z 0.0060 0.0250
L 0.1409 0.0568
M 0.1370 0.0512
N 0.4588 0.1675

WIND ESTIMATOR

This section discusses development of the wind estimator,
composed of two primary components: 1) the process and
measurement models and 2) the estimator algorithm. A candi-
date process model structure based on rotor blade element the-
ory and an efficient method to determine an identified model
based on this structure is presented in the prior section. A
Bayesian wind estimation algorithm is developed to estimate
the 3D wind vector using standard autopilot sensors, such as
GNSS, IMU, and rotor speed data. In the case of GPS-denied

operations, position and inertial velocity based on visual-
inertial odometry (VIO), SLAM, or other approaches can be
used. An unscented Kalman filter (UKF) is used to estimate
wind states in a recursive manner. For linear systems with
independent Gaussian noise and other assumptions, the lin-
ear Kalman filter can be used to optimally estimate the state.
For nonlinear systems the UKF variant is preferred. The lit-
erature demonstrates that the UKF is generally more accu-
rate and more robust to large initialization errors and sys-
tem nonlinearities than the extended Kalman filter. It is of-
ten easier to implement as well since Jacobians need not be
derived (Refs. 30–32).

The process and measurements models should be constructed
in a form that exposes all the estimated states, particularly
the wind states. The process model will follow the discus-
sion presented in the prior section. A compact version of the
model is presented here, tailored for implementation with the
UKF estimator. Recall, that each rotor generates a thrust T ,
H-force H (or rotor drag), rotor torque QR, pitching moment
MR , and rolling moment LR summarized in Eqs. (36) and
(37). These forces and moments are expressed in the hub-
wind frame which is the rotor hub frame rotated about the
vertical axis so the xh axis points toward to relative wind vec-
tor. Define Rb

hw to be the rotation vector from the hub wind
frame to the body frame. Then the rotor forces are expressed

in the body frame with a superscript b as
[
Fb

R,x,F
b
R,y,F

b
R,z

]T
.

The vehicle studied in this project has canted rotor arms, so
the thrust and H-force will have components in each body-
frame axis. Inertial accelerations are expressed in the body
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frame as v̇b
i with inertial winds expressed in the body frame

as wb
i , where i ∈ {x,y,z} denotes the axis:

f (x,u) =

v̇b
x

v̇b
y

v̇b
z

 (49)

=Rb
I

0
0
g

+ω×vb+Rb
h

H
0
T

+

FA,x
FA,y
FA,z


where FA,i are the aerodynamic forces from the fuselage. The
wind effects are made clear by expanding the rotor forces

expressed in the body-frame which are the dominant forces,
along with gravity, unless the vehicle reaches high advance
ratio flight where the drag of the fuselage becomes important.

The jth rotor forces expressed in the body frame are shown in
Eq. (51) where vb, j

i is the rotor hub velocity of the jth rotor in
the body-frame, and KCHi and KCTi are the contributions from
the H-force and thrust force in the body (x,y,z) frame. These
are the same equations as those presented earlier but rewritten
to expose the wind components. The H-force and thrust are
also dependent on the airspeed vector. The function for the
moments is given by Eq. (4).

Fb, j
R,x = ρA(RΩ j)

2

−KCHxCb
H j

vb, j
x +wb

x√(
vb, j

x +wb
x

)2
+
(

vb, j
y +wb

y

)2
−KCT xCb

Tj

 (50a)

Fb, j
R,y = ρA(RΩ j)

2

−KCHyCb
H j

vb, j
y +wb

y√(
vb, j

x +wb
x

)2
+
(

vb, j
y +wb

y

)2
−KCTyCb

Tj

 (50b)

Fb, j
R,z = ρA(RΩ j)

2

[
−KCHzCb

H j

vb, j
z +wb

z

RΩ
−KCT zCb

Tj

]
(50c)

One possible process model for the wind dynamics is a ran-
dom walk model (Brownian motion) driven by a Gaussian
noise term. Let the airspeed states be defined as V b

a =
xb +wb, producing the following process model:

V̇ b
a = f (x,u)+ ẇb (51)

M = Ibω̇b +ωb × Ibωb = MA +MR (52)

ẇb = 0+Qw (53)

where Qw is a Gaussian process noise term. The measure-
ments include inertial position and velocity, rotational rates,
Euler angles, rotor speed, and accelerations. The estimator is
then formulated to estimate the states in Eq. (52) - (54).

Wind Estimation Demonstration

This section presents results of the wind estimator under two
operating scenarios, briefly described below.

• Scenario 1: The vehicle is commanded to hover while
subjected to steady winds that change direction at a sim-
ulation time of 23 seconds. Turbulent winds based on the
Kaimal spectra are added to the steady winds. The steady
winds transition from [10,0,0]T to [7.07,7.07,3]T at 23
seconds.

• Scenario 2: The vehicle is commanded to fly to different
waypoints and collect data at each waypoint. Steady and
turbulent winds buffet the vehicle with the steady wind
component set to [10,0,0]T .

For these scenarios, realistic noise is added to the measured
values based on representative MEMS hardware present on
modern autopilot systems. Process noise is also added to the
simulation model used to generate the data used to evaluate
the wind estimator. In the following discussion, Wx,Wy,Wz
represent the inertial winds in the wind frame described in
Figure 6b. The mean estimate is shown as a solid line with
a ±2σ confidence interval (CI) shown as a shaded region.
The true wind value is shown as a dashed green line. Turbu-
lent winds are added to steady-wind signals based on an exact
non-causal filtering approach using a modified Kaimal spec-
trum to produce the turbulence signals. The Kaimal spectrum
is often used in the wind energy and civil engineering com-
munities to accurately produce turbulence in the atmospheric
surface layer (ASL), which extends from the surface to ap-
proximately 200 meters above ground level (AGL). A modi-
fied Kaimal spectrum extends the height to expected operating
conditions for this program. The modified Kaimal spectrum
has been found to more accurately represent observed turbu-
lence at lower altitude conditions compared to von Karman
and Dryden spectra (Ref. 33).
Results for Scenario 1 are presented in Figure 13 and show de-
sirable performance. The estimator tracks the turbulent winds
with a slight degradation in the vertical channel.
Scenario 2 presents flight more representative of an opera-
tional mission. As shown in Figure 14, the vehicle hovers
for approximately 5 seconds at the initial position and then
transitions to a waypoint 100 feet north of the initial position.
Once capturing this waypoint, the vehicle loiters for 10 sec-
onds and then transitions to a third waypoint. This represents
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Figure 13. Wind estimation for Scenario 1: vehicle at a
near hover with steady and turbulent winds active. The
steady wind component changes direction at 23 seconds.

maneuvering typical of a mission and desired wind estimates
are found, displayed in Figure 15. There is a mild increase
in error compared to the first scenario; however, the estimates
are sufficiently accurate to determine mean ambient wind con-
ditions necessary to assist in source localization strategies.

Figure 14. Wind estimation with Scenario 2: the vehicle
hovers at the initial condition and then transitions to two
additional waypoints, loitering at each waypoint for 10
seconds. Steady and turbulent winds are active.
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Figure 15. Wind estimates for scenario 2

SOURCE LOCALIZATION USING
ESTIMATED WINDS

This section presents approaches to utilize the wind estima-
tor with different source localization techniques. Two tech-
niques are considered: 1) an anemotaxic approach where the
vehicle estimates the upwind direction and flies in that direc-
tion, and 2) a biologically-inspired search algorithm mimick-
ing a dung beetle. The simulation environment utilized in
these experiments includes three primary components: 1) a
high-fidelity NASA multi-rotor vehicle model (Ref. 20), 2)
the Quick Urban and Industrial Complex (QUIC) Dispersion
Modeling System (Refs. 34–36), a tool used to generate re-
alistic wind and plume dispersion in complex environments,
and 3) a chemical sensor. Basic autopilot control is used to
stabilize the vehicle and execute waypoint tracking.

Anemotaxis Source Localization using Estimated Wind
Direction

The approach employed in this section mimics the surge-
casting behavior of the silkworm moth by commanding the
vehicle to fly in an upwind direction. The wind environment
consists of steady and turbulent winds. The true direction of
the steady winds changes every 10 seconds as depicted in Fig-
ure 16. This figure shows both the truth wind direction with
the signal “Steady Wind Heading” and the estimated wind
direction with the signal “Heading Cmd”, which is also the
commanded heading for the vehicle.

The wind estimator estimates a 3D wind vector and the hori-
zontal wind direction is found with the Ŵx and Ŵy wind com-
ponents. Since the primary interest is in the low-frequency
wind component, i.e., the vehicle should not sporadically
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Figure 16. True and estimated changes to the wind direc-
tion

change heading based on turbulence, the estimated wind di-
rection is filtered with a low-pass Butterworth filter. This re-
moves the high-frequency content from the signal and gen-
erates a moving-average of the low-frequency content. The
cutoff frequency of the filter can be arbitrarily set for the op-
erating environment. Also recall that the estimated wind di-
rection does include turbulent effects and so the match to the
steady-state wind direction has acceptable error.
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Figure 17. Estimated wind components with changing
wind direction

The estimated wind components for this maneuver are shown
in Figure 17 which shows a desirable comparison with the true
winds. The initial spikes in the estimated signals are caused
by initializing the filter with no prior information, i.e. the

initial wind estimate is set to zero with large covariance. The
flight path of the vehicle is shown in Figure 18 where it can be
observed that the vehicle alters heading at approximately 10
second intervals to follow the change in wind direction. The
solid multi-colored line shows the vehicle’s position over time
and the dashed line shows the commanded position. The error
in position tracking is caused by the effects of the winds.

Figure 18. Flight path of vehicle flying upwind in changing
wind direction

Source Localization in an Urban Setting

This section presents the results of integrating the wind es-
timator with a source localization approach inspired by the
dung beetle. As described in (Ref. 8), “Upon detecting the
odour it [the dung beetle] zigzags diagonally across the plume
in an upwind direction turning back each time it leaves the
edge of the plume. When the odour plume ends, as it does im-
mediately above the cow pat, the beetle flies down and usually
lands on or near its goal.”
A version of the dung beetle search strategy was implemented
using the UKF wind estimator to provide estimates of the 3D
wind vector and wind direction. The vehicle is commanded to
navigate towards the source in an urban environment. Wind
and chemical concentration information are simulated with
QUIC. The winds are created with a logarithmic profile with
a magnitude of 7 (m/s) at a reference height of 10 (m) and a
direction of 45o. Figure 19 portrays the scenario where there
are six buildings represented by gray patches. The plume con-
centration is shown as the shaded regions with higher concen-
tration levels depicted with yellow and green regions, while
lower concentration levels are purple in color. The UAS is
initialized at (340, 30) and the flight trajectory is shown as
a black line. During flight, the UAS encounters a turbulent
plume and wind conditions.
The wind estimator performance is shown in Figure 20 and
shows excellent performance for the x- and y- axes with a
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Figure 19. Wind estimation and source localization in an
urban setting

slight bias in the vertical axis, which could be resolved in fu-
ture work with additional filter tuning. However, estimating
the horizontal wind direction and magnitude are the primary
concerns for this project.

Figure 20. Wind estimator performance for an urban mis-
sion

CONCLUSIONS

This paper discussed a methodology to sense ambient wind
conditions to assist in localizing the source of a released agent
using small unmanned aerial systems (sUAS). The paper pro-
vided an overview of chemical source localization approaches
and how such approaches benefit from knowledge of atmo-
spheric conditions, such as ambient winds and temperature.
A Bayesian wind estimator was developed using an unscented
Kalman filter. The process model used in the estimator was
detailed and included terms appropriate for flight at poten-
tially large advance and climb ratios. The wind estimator
was demonstrated in a realistic simulation environment fea-
ture turbulent winds and dynamic plumes generated with the
QUIC facility. Overall, the estimator was shown to accurately
track the winds, even when the winds changed directions dur-
ing the simulation. The wind estimator was combined with
biologically-inspired source localization algorithms to locate
the source in an urban environment. Future work will inves-
tigate formulating the estimator without rotor speed measure-
ments, improving the estimation accuracy in the vertical axis,
and evaluating the estimator in flight experiments. The ap-
proach can also be extended to swarms of sUAS, similar to
the work in (Ref. 4).
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APPENDIX

PARAMETER ESTIMATES FOR
IDENTIFIED MODEL

This appendix lists the parameter values for the identified ve-
hicle model.

Parameter Estimate 95% CI

CXHµ
-1.6667e-02 ± 1.5112e-04

CXH
µ2

-6.1079e-04 ± 3.3836e-04

CXHµµz
7.3582e-02 ± 2.7079e-03

CYHµ
-1.6714e-02 ± 2.0943e-04

CYH
µ2

-5.9325e-04 ± 4.3847e-04

CYHµµz
1.2305e-01 ± 3.7745e-03

CZT0
1.1429e-02 ± 3.5852e-05

CZTν
1.7573e-03 ± 2.2883e-04

CZTµ
-1.1186e-03 ± 5.5328e-04

CZTµz
2.0740e-02 ± 6.4645e-04

CZT
µ2

-4.9559e-02 ± 8.1743e-03

ClT0
1.3499e-02 ± 5.0575e-04

ClTν
1.1926e-02 ± 6.4505e-03

ClTµ
-8.2076e-02 ± 2.4614e-03

ClHµ
-6.0748e-02 ± 2.4487e-03

ClHµµz
8.6538e-01 ± 4.2517e-02

ClHµν
6.0638e-02 ± 1.5743e-02

Clp,δ t -2.0113e-02 ± 1.7887e-03
CmT0

1.2171e-02 ± 4.6460e-04
CmTν

1.5551e-02 ± 6.0196e-03
CmTµ

-1.3047e-01 ± 2.2997e-03
CmHµ

-5.7710e-02 ± 2.4691e-03
CmHµµz

2.7172e-01 ± 5.0298e-02
CmHµν

2.4182e-02 ± 1.6178e-02
Cmq,δ t -2.9036e-02 ± 1.8506e-03
CnQ0

1.3812e-02 ± 6.7550e-04
CnQν

-3.3331e-02 ± 8.4754e-03
CnHµ

-7.2825e-02 ± 2.7042e-03
Cnr,δ t -1.1517e+00 ± 2.0571e-02

Table 5. Parameter estimates
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